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ABSTRACT
Optimal Forest Rotation:

Decisions Under Conditions

of Certainty and Uncertainty
by
Rabindra Nath Bhattacharyya, Doctor of Philosophy
Utah State University, 1985
Major Professor: Dr. Donald L. Snyder
Department: Economics
The existing 1 iterature determining the optimal rotation period
of a forest stand under conditions of certainty, as well as under
uncertainty,

1 acks the genera 1 scope to be usefu 1.

A forest provides

timber of commercial value, a flow of recreational services, and other
valuable environmental s ervices.

Providing goods and services

in vo lves benefits as well as costs.

Relevant management decisions

depend on the net va 1 ues that can be obtai ned.

The present work

developes a more general model for determining an optimal rotation
period incorporating various fixed and variable costs associated with
timber production and recreational services in an environment of
certainty and uncertainty.

It is shown that under certainty, the

optimal rotation period is likely to be finite and depending on the
values of benefits and costs the rotation period indicated by the
solution of this model may be identical to, shorter, or longer than
that indicated by a model

ignoring net values.

In addition,

a

viii
gener ali zed Faustmann rule under certainty (whe n only recreational va lue
i s ad ded to the model ) using optimal control (maximum principle) as the
ana l yt i cal tool has been developed and the impact of two sources of
uncerta inties on the optimal rotation decision in the conte xt of the
more general i zed model is anal yz ed.
future stumpage price,

They are ( l) uncertainty related to

and (2) uncertainty related to the future stock

of trees due to unpredictable natural
un cer taint~

cata s trophe s .

Under price

the optimal rotation period will be longer than that under

conditions of certa int y if the forest operator is risk averse.
addition,

In

the period wi ll be lengthened with increasing risk and

shortened with increasing expected stumpage price under noni ncreasing
absolute risk aversion of the forest operator.

The risk of catastrophic

dest ruction of the biomass whether total or partial will lead to a
rota tion period dependent on the value of the average rate of occurrence
of catastrophes.
( 102 pages)

CHAPTER I
INTRODUCTION AND REVIEW OF LITERATURE
Introduction
Forest lands provide many things adding to the social,
and economic aspects of life for many people including

water, forage,

habitat for wildlife, and sites for outdoor recreation.
their large area and wide geographic

dispersio~

in maintaining the natural environment.

cultural,

Because of

they are also important

They are the source of timber,

an important industry in many parts of the world and in the United
State~

Products made from trees affect everyon• including those who

may never have the opportunity to enjoy the natural beauty of a forest
or to participate in forest-based outdoor recreation.
In the United States, approximately 4 percent of the gross national
product currently originates in some form of timber-based economic activity.

It const itutes approximately 25 percent of all the industrial raw

materials consumed in the

econom~

Employment attributed to timber in

all timber-based activities amoy nted to 33 mill ion in 1972, constituting
approximately 4 percent of the total civilian employment in the United
States.

Most employment in timber management, harvesting, and primary

manufacturing is in forested rural areas.

In many of these areas,

forest-based employment is the primary source of livelihood for the
local people (USDA, Forest Service).
The continued economic viability of forests has generated concern
for several reasons.

Forecasts of rapid depletion, multiple-use
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conflicts,

and increasing environmental

re s triction s have made modern

forest management a controversia 1 publi c po 1 ic y issue.
In the arena of natural resource economics, economi sts ha ve been
most prolific in specifying optimal models of resource use-optimal in
the sense of meeting certain efficiency criteria.

These models are

often u sed as the basis for evaluating new as well

as existing

management programs or policies.
The extensive literature pertaining to the economics of optimal
re source management is separated, quite naturally, into two unique divisions depending on whether the resource is nonrenewable or renewablL
The formal analysis of nonrenewable resources is sometimes referred to
as

the "Theory of the Mine" and deals with the optimal

rate of

nonrenewable resource extraction and the resulting time horizon over
which resource use occurs.
Un 1 ike the "Theory of t he Mine," the potentia 1 for resource rna i ntenan ce or growth even with use is important in analyzing renewable
resources.

Due to its unique characteristics,

the approach to and use

of economic concepts and principles with application to a renewable
resource such as the forest has been tempered by the bio l ogical nature
of the resource itself and by the time span involved in resource growth
or production.

Fcrest management i nv o 1 v es the s imu 1 taneous management

of multiple - use resources because timber is only one of many outputs
produced from a forest land.

Thus, the field of forestry provides an

array of interesting i ssues concerning the economics of renewable
resources.

In fact, timber management was probably one of the earliest

cases of the formal app l ication of economic principles to the management
of renewab 1e natura 1 resources (Howe).
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One of the major poli cy questions that has dominated forest
resource economics literature is: When should timber be harve sted?
The o re t ic al and mathematical modeling procedures which have been
developed to determine the optimal rotation for timber produ ction
represent attempts to answer this time-related question.
Theoreti cal Setting and
Review of Literature
Determining the optimal rotation period may be regarded as an
e xp ression of a basic economic problem.
in

capital

Fundamentally, it is a problem

theor y and asset replacement.

Growing fore s t

represents the accumulation of forest capital.

stock

On some unit of

available land, s eedlings appear either naturally or with man ' s actions.
Over time, the seedlings grow in volume and appreciate in value until
they are harvested and converted to a commercia 1 product.

During the

transition from s eedlings to maturity, trees serve as both inventory and
capita 1.

Thus,

the question of how much capita 1 to in v est for how 1 ong

i s critical for timber production economics (Gregory; Perrin; and Hyde).
This,

in turn,

necessarily i nv o 1 v es other basic economic issues. What,

if anything, does a firm or a public forest land manager attempt to

ma ximize over time?

What is the logical financial objective in managing

a forest?
If the variable to be ma ximized can be agreed upon, the problem of
determining how long the timber investment should be allowed to earn
di v idends before cashing in and reinvesting, i.e., harvesting and starti ng a new stand, can be reso 1 v ed. Current approaches to the point-input,
point-output problem in capital theory as

described by Hirshleifer

stress the contrast between the maxi mum net present v a 1 ue (NPV) mode 1

4
and the ma xi mum internal rate of return (IROR) model in selecting an
optimum period of rotation for timber stands as a replenishable natural
resource.

Over t ime,

for determining optimal

several different objectives have been propos ed
it~

These are discussed in Gaffney, Bentley and

Teeguarden, Gregory and Samuelson.
preference for the NPV rule.

Their arguments show an overall

Samuel son argues that correct capita 1

theoretic analy s is requires that the primary objective

should be to

maximize the NPV of revenues obtainable from al 1 the infinite sequence
of harvests which can be obtained from the forest land.

This view,

known in the forestr y 1 iterature as the "soi 1 expectation value" (S E)
approach, was advocated originally by Faustmann.
The Faustmann model has played a key role in forest economics.

It

has become the keystone of the currently held view regarding timber
rotation under a criterion of financial maturity (Samuelson).

Because

almost all the subsequent works on the problem of optimum rotation are
either e xte nsions to or generalizations of the Faustmann model, it is
appropriate to specify more fully the Faustmann mode 1.

This wi 11 help

set the mo re recent dev e 1 opments in their proper perspective. 1
Faustmann introduced the simple and deterministic competitive
economic model, with the objective of maximizing the present value V(t)
of perpetual returns to the fixed factor of production, an acre of
timber 1and.

Va 1 ue is the sum of revenues minus costs.

Revenue is the

expected price p times the volume harvested Q(t 1 ) discounted from the
time of harvest t 1 to the initial moment of land avai labi 1 ity, by
opportunity cost of capital,

r.

Since,

in this model,

the

trees grow

The following specification of the models closely follows Hyde.
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naturally without sil vicul tural inputs, harvest vo lume continues to be a
function only of time and there are no costs other than the opportunity
cos ts of capital and land.

The cost of land is the economic rent R

di scou nted over the duration of the timber production period.

Thus, if

there are no harvesting costs,
-rt 1
ma x p Q (t 1 )e

V(t )

t,

t,

- R I e-rt dt

( 1. 1)

0

where t 1 is the length of the production period, a single rotation.
If timber production constitutes the best use of the land, then

substituting for the rent term a perpetual timber production term, the
problem may be stated as

V(t)

ma x

t

n
n
-r l: ti

max
tn

p l: Q(tn)e
n=1

i=1

( 1.2)

Because all parameters continue unchanged from one production
period to the ne xt, an identical problem confronts the forest manager
fo1 lowing each harvest.

Therefore, each succeeding production period is

of the same length (t; = tj Vi,

j) and equation (1.2) is usually

simplified as
V(t) =ma x p.Q(t)e-rt (1-e -rt)-1.

( 1. 3)

t

This form is familiar to foresters as the Faustmann equation and
rV(t) is the "soil expectation value" (SE).

1:
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Samuelson proved that equation (1 .1 ), the single rotation model
with land rental payments, and equation (1 .3 ), the perpetual t imber
production mode l, pos sess ident i cal opt i mality conditions.

Because

ren ts account fo r the entire reven ue in equation ( 1. 1), then V(t ) = 0
at its ma x imum and V(t)(l-e)-rt

=

t

R I e-rt dt in (1.3).

Samuelson

proved this equivalence for one optimally chosen rotation and for an
infinite t ime per iod.

It i s important to recognize the difference

between the single period production model with provision for land rent
and the single period production model without provision for land rent.
The latter, often designated as the Fisherian equation, is in error and
cannot equal the V(t) of equation (1.3) (Samuel son).
The necessary and sufficient conditions for a maximum deri ved
from equation (1.3) are
Ot = rQ (l-e-rt)-1

(1.4)

Ou < rOt

( 1. 5)

where the subscripts indicate derivative of the function with respect
to the subscript.

Timber i s "financially mature" when its natural

growth rate is r(l-e-rt)- 1 , which is equal to the opportunity cost of
capital adjusted upward to compensate for the implic i t

land rent.

The

greater the cost of capital, the shorter the production or rotation
period.
The relationship between the simple Faustmann and simple biological
models can be demonstrated by ex ami ni ng the natural growth rate as the
cost of capital approaches zero.
lim r(l-e-rt)-1
r~o

1/t

By l'Hopital's rule,
(1.6)
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which is cha racteristic of a biological max imu~

The objective of the

biologica l mode l i s to ma ximize contin uous annual harvest vol ume
(instead o f va lue ) V(t) from a f i x ed area of land.
expressed mathema t i ca ll y i n te rm s of

The mod e l ma y be

it s cumulati v e biological

production function Q( t), varying only with timet in the us ual logisti c
pattern of density-determined biological populations (Clark), such that
( 1. 7)

ma x Q(t)/t •

V(t)

t

If the price and technol ogy are constant,

and if the cost of

si l v i c ultur a l effort i s zer~ then equation ( 1.7) identifies the ma ximum
annual returns to perpetual timber management on the 1 and.
Logi st i c functions are smooth and possess exactly one inflection
point.

A property of such functions is that necessary and s ufficient

co ndition s for a maximum are
( 1. 8)

Ot • t = Q, and

Ott

<

( 1. 9)

o.

The natural growth rate Ot/Q at the optimal harvest time i s 1 /t .

The

rotation age is chosen such that, in foresters' terminology, when
average annual harvest or mean annual productive increment (MAl) Q/t is
at its ma x imum, current annual increment (CAl) Otis positive but
decreasing. 2
It is seen from equations (1.4)
maximizing harvest age,
2 It is
from the
ma ximize
is zero,

and (1.8)

and (1.5) indicating valueand (1.9)

indicating

vo lume-

important to distinguish this continuous production solu t ion
single period volume ma xi mization. The latter problem is to
Q(T). Its sol uti on occurs where the marginal product of the Ot
or at the abso 1 ute pea k of the production function.
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maximizing age that the optimal economic production period is shorter
than the optimal biological production period when the cost of capita 1 r
is positive.

For smaller costs of capital, the value-maximizing harvest

age increases until it converges with the volume-maximizing agL
The models considered so far in general, and the Faustmann model in
particular, are static and deterministic in nature and are based on
several assumptions.

Samuelson has categorized these assumptions in

detail.
Extension of the Faustmann model within
static deterministic framework
Within the static framework,

several articles have recently

appeared posing a 1 ternati v e so 1uti ons under different and sometimes 1 ess
restrictive ass um ptions.

Individually,

each provides

valuable

ingredients toward generalization as well as extending and modifying the
Faustmann formulation.
In one such approach,
Faustmann framework.

alternative results are derived within the

The authors utilizing this approach still retain

the assumption that timber production is the only use of forest land and
that the forest operator works in an environment of certainty (Clark;
Walter; Hyde;

Nautiyal and Fowler; Heaps; McConnell, Daberkow and

Hardie; Chang, 1981 and 1983; Nautiyal; Hardie et al).
However, the optimum rotation problem, viewed so far, is an optimum
timber management problem abstracting from the important multiple-use
characteristics of forest land.

Samuelson took note of the problem.

Hartman and Strang developed a generalized Faustmann model
incorporating uses of forest resource besides timbering.

by

Their analyses

are concerned with the problem of optimum rotation when the forest
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res o urce stock per se has consumptive v alue.

The stoc k of s tanding

fore s t resource pro v ides other benefits to soc i ety, such as water,
hiking,

and wildlife.

In essence, Hartman and Strang address the

optima l r otation question by considering these stock externalities in a
Faustmann-type forestry model.
With an initially barren l and and with the planning horizon running
through an in finite sequence of harvests,

Hartman's objective function

to be maximize d is given by
t

V( t)=Ma x G(t) [e-rt + e-2rt+ •• ] +
t

I

e -rx F(x) dx [ l+e-rt+e-2rt+ ••• ]

0

t

G(t)e-rt + I e- r x F(x)dx
Max ----------~0~~--------t
l - e-rt

( 1. 10)

where G(t) is the stumpage value of the lumber in a forest of age t and
F(t) is the val ue of the recreational and other services flowing from a
standing forest of age t.
of the growth curve.

The function G(t) will. have the general shape

The function F(t) has initia lly a positive and

in creasing s l ope followed by a decreasing but sti 11 positive s lope.

The

first region incorporates the possible flood control val ue, the food
value of a young forest to game animals, and the increasing recreational
opportun iti es as the trees grow older.
recreational

As the trees age, the additional

value will increase at a decreasing rate but will never

decrease.
The first order condition for maximization of (1. 10) simplifies to
t

G' ( t)

1

r
G ( t)

[ 1-e-rt

I
e -rxF(x)dxJ
+ ~o--------~-G(t)(1-e-rt)

F(t)
(1.11)

G(t)
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Hartman shows that, except for the term in braces, (1 . 11) is the same as
Fisherian single-cycle so lution with recreational value added to the
model.

Since the expression in braces is greater than one, and as a

result the "effecti ve" interest is inflated, this has the effect of
reducing the optimal harvest age relative to the model with a oneharvest horizon.

The first-order condition does not necessarily imply

G' ( t) > 0 at the opt i mum and it is qu it e p os s i b 1 e that it i s opt i rna 1
never to ha rv est.
Strang advanced two new points over
finite,

Hartma~

First, even though a

local maximum for optimal rotation time may exist, a corner

solution involving never cutting the forest may be global maximum.
Second, for a c l imax or old growth forest initially occupying the land,
the age of timber at harvest in the first rotation may exceed that for
subsequent harvesting cycleL
objective function to be

This consideration leads to a different

ma x imize~

In regard to the first point, Strang asserts that the Hartman
interior maximum (referred to as t"*) and the so 1uti on V( t**) /( 1-e-rt**)
is on l y a local maximum and shou ld be checked at the endpoints
lim t----'; w of the relevant time horizon.
immediate cutting,

t~o

and

The former endpoint implies

while the latter represents allowing the forest to

stand unharve ste d forever.

Strang shows, under such a situation, the

pass ibi 1 ity of a corner ma ximum at 1 im t

(the forest shou 1 d not be

cut), which i s also the global maximum.
Dealing with the second point, Strang points out that if the forest
is harvested once, succeeding returns can be mode le d as in the Faustmann
problem, for in that case the forest waul d become barren after the first
cut.

Thus, the post-fi rstcut so 1 uti on t** shou 1 d be

ca 1 cu 1 a ted, s i nee
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a stream of value V(t**)/(1-e-rt**) = K (the maximum va lue of the
generalized Faustmann objective function) can be derived after the
forest is cut for the first time.

If A denotes the age of the forest at

present, T = 0, then the objective is to maximize

T
V(T)

Max I e-rx F(A + x)dx + e-rt G(A + T) + e-rt K
T o

( l. 12)

with resp ect to T, the length of time until the first cut (all subsequent cuts being made at intervals oft** years and is subsumed inK).
Strang shows that the optimal rotation solution depends on specific
va lues of A and optimal behavior may imply never harvesting the same
land occupied by an old growth forest.
Dynamic treatment
The literature discussed to this point strongly depends on long-run
prediction s of future prices, costs, and discount rates.
are observed during a single moment in time.

These elements

However, they change over

time and can be properly captured within a dynamic framework.

Anderson,

Clark, Heaps and Neher, and Berek have extended previous analyses by
providing a dynamic treatment of forest

harvestin~

The authors have

utilized optimal control theory (the maximum principle).

Anderson's

steady-state control solution is identical with the Faustmann rotation
model, lending support to the latter as appropriate not only for private
timber management decisions but also for public policy where the goal of
the planner is the maximization of discounted net social welfare from
timber production over an infinite planning horizon.

Some interesting
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suggestions for cop ing with the optimum rotation que s tion have evolved
from these studies.
Treatment of un certa inty
All the analyses mentioned so far assume a deterministic world.
Although interrelations of time and changing interest rates, prices,
growth rates, etc., on production decisions can be demonstrated by
exam ining their effect on the optimum rotation period, the most important effect of time itself on such decisions undoubtedly comes through
uncertainty that is almo s t invariably associated with future happenings.
The above mentioned analyses presuppose a deterministic world in which
a 11 current and future demands, prices, and costs are known, in which
the current reserve of the resource can be observed and measured
accurately, in which environmental factors affecting the growth or
deterioration of the resource are either unimportant or are perfectly
predictable,

and in which the entire time path of reserves and extrac-

tion rates can be calculated with certainty for a given program of
resource management.

In reality, of course, current and future prices

are uncertain as are the effects of env i ronmenta 1 changes on resource
stocks, and the amount of the resource available for extraction.
The

treatment

of

uncertainty in

determining

the

optimum

rotation period in particular, is relatively scarce in the forestry
economics

1 i terature.

Norstrom using a Markov

model

for price

fluctuations demonstrates that for a single production process with
either uncertain output volumes or uncertain output prices, longer
rotations and larger harvests are optimal.

In an earlier

attemp~

Bur~

Jorgenson, and others developed optimal replacement principles for
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assets with stochastic input s , outputs, and life.

These have been

derived i n a suffic ien t l y genera l manner to apply to assets, such as
growing ti mbe r which is subject to chance destruction by fire,
and storm. Recently,

insects,

the optimal rotation period when the risk of

unpredictable destruction is present has been considered by Martell,
Routledge, and Reed.
discrete time .

Martell and Routledge solved the problem in

Using Poisson stochastic process Reed formulated and

so l ved the problem in continuous time deriving a modified form of the
Faustmann formulL
Purpose of the Present Study
Some sign ificant development s towards generalizing the Faustmann
model have already been highlighted.

However, an important set of

issues remains to be explored and hopefully the results of this analysis
ca n be used to shed further light on the optimal rotation period.
Recreational benefits flowing from a standing forest have been
properly considered.

Yet , in any realistic model,

the costs of making

recreational services accessible would also have to be e xp licitly
considered (Hartmann).
values.

The required management decision is based on net

Therefore, recreational values should be net of their costs of

production (Hyde).

An example of such costs might include campground

clean-up costs, the expenses associated with mountain rescue teams,
wildlife habitat improvement programs, or program administration costs.
Although these costs are real and have potentially significant impact on
efficient forest rotation, no study focuses on recreation cost in the
context of the rotation problem,
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Furthermore, no attempt 3 has been made to explore the dynamic
properties of the optimal rotation problem when forest lands possess
recreation value as we 11 as costs.
The literature on optimal rotation under conditions of uncertainty
lacks a model incorporating aspects of uncertainty when a forest has net
timber value when cut and net recreation benefits when

standin~

The purpose of the present study is to mitigate, in part, the
deficiencies in the literature within a more generalized context.

More

specifically, the objects of the present study are
1.

To formulate a suitable model incorporating flow of net value

of recreation (gross benefits less costs), and net benefits flowing from
timber.
2.

To derive the analytical results pertaining to the or an optimal

rotation age given the model formulated in (1).
3.

To formulate a suitable dynamic optimization model to derive

analytically the steady-state control solution and compare it with the
Hartmann-Strang type of generalized Faustmann solution.
4.

To formulate models incorporating uncertainty with respect to

product price and resource stock separately with net recreation benefit included in the model.
5.

To derive analytical results from these models for the optimal

rotation to clarify if and how the results derived from the
deterministic analyses have to be modified.
Outline of the Models
In our models for ( 1) and (4), the forest resource is assumed to
3

Berek, in a somewhat different context, is an exception.
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be owned by a hypothetical competitive firm operating respectively in an
environment of certainty and uncertainty.

The framework is static.

It

is assumed for ( 1) t hat the owner-manager chooses the rotation period t o
maximize the present value of net gains from the resource.
In our model for (3), it is assumed that the public forest land
manager chooses the rate of harvest in each period to maximize the
present value of the stream of net benefits subject to the "law of
motion" of the system.

Optimal rotation is to be derived from the

optimal rate of harvest (Anderson) using optimal control theory (the
maximum principle).
Types of uncertainty to be accomodated in the model for (4) may be
grouped under two broad categories: uncertain product prices due to
fluctuations in consumer demand, timber supply, and for the availability
of substitutes and uncertain amounts of the resource stock due to random
environmental

disturbance~

It is assumed that the manager confronting

uncertain prices chooses the rotation period to maximize the expected
utility of present value of net gains from the resource.

The analytical

framework for stock uncertainty will be based on Reed's treatment where
natural catastrophe affecting the resource stock is assumed to occur in
an age-independent Poisson process.

It is assumed that the forest

operator seeks to maximize the expected discounted net return from a
forest stand.
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CHAPTER I I
DETERMINISTIC HARVE STING DECISION WHEN A
STANDING FOREST PROVIDES NET VALUE
Introduction
"In any realistic model, regeneration costs and the costs
of making recreational services accessible to people would have
t o be expl icit y considered."

(Hartman, R., p. 57)

The quotation from Hartman serves quite well to introduce the
issues discussed in this chapter,

Hartman developed and Strang extended

a Faustmann-type forestry model to determine the optimal rotation time
when a forest resource stock (standing forest) per se has consumptive
value (i.e.,

recreational value).

Although acknowledging the need for

cost considerations, neither Hartman nor Strang incorporated such costs.
Does considering regeneration costs and/or costs of producing and
making recreational services accessible impact the optimal length of
rotation?

If it does, in what way and in which direction?

In order to focus on these issues, a more generalized model is
presented in which regeneration

costs

and costs associated with

recreational services are explicitly introduced,

In other words, a

model is developed to determine the optimal harvesting time (if i t
exists) for a forest that provides ~et value when standing as well as
when harvested.

l7

Setting of the Problem
As noted in Chapter l, the problem cf determining the optimal rotation of a forest is fundamentally a problem in capital theory.

Although

the growing fore s t stock may be considered as an asset in the form of
goods in process or inventory, a standing forest may be treated as a
special

kind of durable equipment providing a flow of services.

This

model incorporates both the commercial value of timbers when the forest
is harvested as well as the value of services flowing from a standing
forest.

Hence, both the concepts of forest asset are relevant here,

The distinctive feature of economic activity involving capital is
that it takes place at more than one point in time.

Both the holding of

inventories and the management of durable equipment may be treated in a
unified manner through the temporal theory of production.

For both, a

stock of productive goods may be represented as an input to the stockholding process when i t is acquired.

Output/service levels of the

stockholding activity depend not only on acquiring a stock of productive
goods, but also on various other inputs of material and services that
represent production and maintenance activity (Jorgenson, et al.).
In this forestry problem,

timber production and recreational

services involve regeneration inputs, inputs required for preparing
campgrounds, maintaining mountain rescue teams, generating wildlife
habitat improvement programs, and providing program administration.
Maintenance activity involves inputs related to preserving the flow of
services of a standing forest besides preserving the stock of trees.
The objective of a harvesting or maintenance policy is to find a
sequence of times for harvesting successive forest stands that maximize
the discounted total "net" benefits over the life of the investment
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process.

Any time sequence for harvesting constitutes a rotation

pol icy; a sequence that maximizes the total net benefits i s an "opt i mal
rotation pol icy."
In the fol lowing analysis, the forest resource is ass umed to be
owned by a hypothetical competitive firm operating in an environment of
certa int y.

It is a deterministic world in which all current and future

demands, and prices and cost s are known; in which current and future
reserves of the resource can be observed and measured accurately; and in
which e nvironmental fa ctors affecting the growth or deterioration of t he
reso ur ce are either insignificant or are perfectl y predic ta ble.
Fur th er, a given plot of land i s considered, with all trees harv ested
simu ltaneousl y (clear cutting as opposed to selective cutting).
Individual trees are assumed to be identical when they are regenerated.
Rotation restores the investment and regeneration process to its
original state.
The Objective Function and Existence
of an Optimal Rotation Age
Th is section formulate s the appropriate objective function to be
maximized under the above assumptions and e xamines the exis tence of the
optimal harvesting age for two specific situationL
Fo ll owing Hartman and Strang, 1 et G(t) denote the stumpage value in
a forest of age t.

This can be thought of as the value of the timber

less the cost of harvesting.

G(t) is assumed to be bounded and, unlike

standard durable equipment,

has the following growth curve shape:

appreciating in value at an increasing

rat~

then at a decreasing

rat~

reaching a maximum, depreciating, leveling off, and finally, again
gradually falling.

J

The Hartmann-Strang G(t) curve does not exh ibit this
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last possible eventuality.

Natural biological decay is likely to over-

whelm the steady-state forest at a very old age.

Further, harvesting

cost may be an increasing function of forest age.

Taken together, these

imply the ultimate falling phase of G(t). 1

The value of the flow of

services of the standing forest at age t ( e.g., wildlife habitat,
control,

viewing,

and

recreational serviceL

hunting ),

will

flood

be referred to as F(t) or

F(t) is assumed to be bounded and that initially

F( t) rises at an increasing rate, then at a decreasing rate, reaching a
ma ximum,
F(t)

and eventually declines gradually.

again

contrasts

with

This characterization of

the Hartman-Strang F(t ) function

that

asymptoti cal ly approaches a maximum and never decreases with age.

But

in the present analysiL it is plausible to assume that old growth trees
are subject to "wear out," defined as the decline in the recreational
value or quality of the standing forest attributable to the normal
forest aging process.

Hence, F(t) eventually declines.

Figures 1 and 2

depict the assumed characteristics of G(t) and F(t) respectively. (The
subscript H is used to depict the Hartman-Strang specifications.)
F( t) may be considered as the flow of the
tional services.

In contrast,

.2!:.!?2.~

value of recrea-

this analysis highlights the impact of

net values associated with the life of a forest on the optimal
time.

So,

rota~ion

the costs associated with the producing and maintaining the

flow of recreational services are introduced to derive the flow of net
value.

To keep the analysis simple, an analytical technique suggested

by Henderson and Quandt is utilized.

1 I am thankful to Professor Richard Fisher, Head, Department of
Forestry , USU, for confirming my initial thought in this regard.
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-G(t)

G( t)

-

Figure 1.

Stumpage Value Growth Curve.

t
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[F ( t) )H

c (t)
F (t )

Figure 2.
Value (F(t)), Net Value (R(t)), and Cost (C(t)) Curves of
Recreational Services.
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Consider a forest stand cons i st in g of a stock of homogeneous trees
planted and used along with other cooperating factors (such as road
development and

maintenanc~

campground preparation and clean-up, wild-

life habitat improvement programs) for producing a flow of recreational
services , Q.

Over time , Q is made available in a competitive market.

Let qt denote the flow of Qat instant t.
recreational service flow is

F~

The corresponding value of

The forest stand is regenerated in an

initially barren land at time t;Q at a fixe d regeneration costs, C~.
The input cost flow to produce and make recreational services accessible
to pro spective users, C~, is a function of qt.

The maintenance cost

flow for the tree stock and other durable co-operating input~ c~. is a
function of both the flow of services and of the age of the forest
(assuming that ages of other inputs are linearly related to age of the
forest).

Consequently,

cit
(2. 1)
where Ct may be cal led the variable cost function.
to assume that

ci

and

eM

It seems reasonable

and hence Care nondecreasing and continuous.

It is also assumed that Cis bounded.
The forest could be harvested and timber could be sold in a
competitive market whenever the entrepreneur decides to capture the
rents associated with the standing forest from time t;Q through t;T, the
stumpage value of the tree stock at time t;T, GT• is a function of the
age of the forest:
GT ; G(T)

(2.2)
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where G(T), as assumed earlier, i s bounded and c ont inuous, G'(T) ~ 0 as
shown in Figure l.

The der i vatives G'(T)>O, G'(T)<O and G'(T)

0,

gi ve , respectively, the rate of gain (a ppreciation ) , the rate of loss
(dep recia tion) ,

and t he steady-state stumpage value from continuing to

kee p the forest on land.
The entrepreneur's optimization problem under such a situation can
be separated into two parts:

( l) determining optimal input and output

(recreational services ) levels for each point in time while the forest
is standing, and (2)

determining optimal

forests for one or more cycles.
considered first.

lives (rotation age ) of

The optimal input and output levels are

Then the appropriate objective functions

are

formulated to examine the existence of and criteria for an optimal
rotation age for a single cycle and for an infinite chain of cycles.
Given that the entrepreneur has decided to operate a forest from
timet= 0 through t = T, the initial cost and stumpage value may be
ignored.

The firm's problem is to maximize the present value of the

quasi-rent flow from the standing forest,

i.e.,

the difference between

the present value of revenue from recreational services F(t) and the
present value of the variable costs C(t).

Since, the value of recrea-

tional services and costs at different points in time are independent in
the case considered here, the firm can maximize the present value of its
quasi-rent flow over the cutting cycle by maximizing the rate of
discounted quasi-rent flow at each point in time (Henderson and Quandt).
Furthermore, si nee the discount factor e - rt is a constant for any
fixed va lue oft and assuming r is given, the firm can achieve the
desired result by maximizing the rate of quasi-rent flow at each point
in time without discounting.
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The firms rate of qua s i-re nt flow at in s tant t , Rt is
(2. 3)

Set t in g the deri v ate of Rt with respect to qt equal to zero imp l i es that
dFt

del

acM

--=-+-dqt

dqt

(2. 4)

aqt

The firm equates its rate of marginal cost flow which, in this case, is
a sum of input and maintenance costs, to its fixed rate of margi na 1
dFt
re venue flow ( s i nee the market is competitive),
The second-order
dqt
condition

(2. 5)

implies that the sum of the marginal costs increases with output.
We assume that (2.4) may be solved for the optimum value of
a function oft.

qt as

Substituting this function into equation (2.3), an

optimal quasi-rent stream may be expressed as a function of t:
Rt = R( t).

(2.6)

Similar substitution in equation (2. 1) leads to

( 2. 1')

ct = c( t)
the optimal variable cost flow as a function oft.

Si nee F and C are bounded and continuous, R is a 1 so bounded and
continuous (Buck).

Figure 2 depicts the shape of the R(t)

functio~
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The quasi -rent f unction gi ves the maximum quasi-rent obtainab le
at each point in t i me from operating a sta ndi n g forest.

It is based

upon the underlying optimal combination of inputs and output.
quasi-rent fun ct ion holds for all

va lues oft,

Th e

and its for m is

unaffected by the choice of a particular value for rotation length.
Thu s , the q ua s i-rent function may be used for analyzing the rotation
length without the explicit introduction of outputs ( recreational
services), value of services Ft, and costs.
The existence of an optimal
specific situations:

( 1)

r o tation age is treated under two

under the Fisherian one-cycle and (2) under

the Faustmann many cycles.

For this, we utilize the logical steps

developed by Jorgenson, et al.
Fisherian one-cycle situation
This situation concerns when the planning horizon runs through only
one cutting of the forest.

The present value of net return from the

operation o f a forest from t = 0 through t =Tis the present value of
qua s i - rent stream minus the initial

regeneration cost plus the present

v alue of the receipt from the stumpage when the forest is cut at t = T
at the termination of one cycle, or
Vl(T) =

T
I R(t)e-rtdt- C~ + G(T)e-rT

(2.7)

0

where r

>

o, is the discount rate.

The firms objective is to ma ximize V1 (T) with respect to the
choice variable T.
Assumptions made about R, G and r imply that
continuous ( Buck ).

v1

is bounded and

To determine the exi stence of an optimal rotation
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a ge T, V1 is differentiated with respe ct to T:
V] (T) = (R ( T) - rG ( T) + G' ( T)) e-rT.

( 2. 8)

It can be shown that under certain reasonable assumptions , an
optimal

rotation age,

say T,

does exist,

and that it is not zero.

First, since Rand G are bounded and monotonic in the relevant intervals

[ t~ oo ) and [t, oo) respectively (in Figure 2 and Figure 1), the 1 imits
lim R(t) = R(oo)
t ---7 oo

(2 . 9)

lim G(t ) = G( oo)
t~ oo

e x ist.

Further, it is assumed that

lim G'(t)
t ----;oo

0 •
(2 . 10)

With these assumptions and conclusions , it follows from (2.8 ) that v,'
tends to zero as T gets large~ howeve~
lim ertv](T) = R( oo) - rG ( oo) •
t ---7
00

(2.11 )

If the 1 imit (2 .11) were negative, then V\(T) would be negative for

sufficiently large T, and hence V1 (t) would be decreasing for sufficient l y large T.

The limit (2.11) is negative if and only if

which implies that

> -- =

r

I0

R( oo)e-rt dt

(2 . 12)
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The inequality (2.12) is interpreted as follows: the left-hand side
expression is the net stumpage value derived by start i ng initially with
an infinitely o ld forest and cutting it down immediately.

The right-

hand side is the discounted quasi-rent derived from sta rtin g with an
infinitely old forest sta nd and never cutting it.
interpreta t ion and noting that R( t )
holds.

<

In light of this

F(t), it is assumed that (2.12)

Hence V1(T) is decreasing forT larger than say T 0 •

This is

also intuitively plausible s ince both R(t) and G(t) are fall i ng when T
is large.

Thus, since

interval [0, T0

v1

is co nt inuou s , it attain s a ma ximum on the

2. fortiori it attain s a ma ximum on [0, = ]

];

for

some

T ~ T0 •
In the Hartman-Strang formulation with R(t) repl.aced by F(t) >
R(t), it i s not improbable that for a single-cycle G(=)

~

LJ....:.2,

if

r

the value of standing forest is relatively high.
exists

This possibility

because of the nondecreasing F(t) function in their models.

that case,

In

v1(T) is nondecreas i ng and any finite solution T for rotation

age may not exist.
Strang did) that

Mathematically it is inappropriate to suggest (as

v1(T)

has global maximum at infinity

(Glaister).

Of

course, ne ver cutting a fore s t may well be a consequence of s uch a
result.
Let us now examine the possibility that T

0.

From(2.7)and

(2. 8),
V1(0)

-C~ and

(2. 13)

V](O) = R(O) - rG(O) + G'(O) = 0
since a none xisting forest can earn neither quasi-rent nor stumpage
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value equation (2.13), with

v1 (0)

<

0, i mp lies that zero cannot be an

optimal va lue ofT.
Thus,

under the assumptions made,

the maximum net return is

attained at a finite, positive rotation age (which may be more than
one).
Faustmann many-cycle situation
Let us consider a firm which plans for an infinite horizon and an
infinite chain of identical forests succeeding one anothe~

We assume

that the quasi-rent function, the initial regeneration cost , and the
stumpage value function are the same for each rotation cyclL

The

present va lue of net return from the first cycle is given by (2.7),

The

present va lue of the net return from the second and third-cycle forest
are respectively,
2T
I

C~ e-rT + G(T)e-r2T

R( t-T)e-rtdt

T
(2 . 14)

and
3T
V3(T) = 1 R(t-2T)e-rtdt- cRe-r2T + G(T)e-r3T
0
2T
Vl(T)e-r2T •

(2. 15)

In general

T
Vk(T) =[ I R(t)e-rtdt- C~ + G(T)e-rt] e-r(k-1)T
0

v1(T)e-r(k-1)T

•

(2 . 16)
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Consequent l y, the present value of the aggre£ate net return from an
infinite chain of forest cycles is

T
V(T) = l: Vk(T)

I
0

R(t) e-rt dt - cR + G(T)e-rT

k=1

0

_ e-rT

(2. 17)
which can alternatively be written as

T
V(T)

I

R(t) ertdt - C~ + G(T) e-rT + V(T)e-rT •

(2.18)

0

Again the assumptions made about R, G, and r imply that function Vis
bounded and continuouL
To know about the existence of an optimal rotation age, V in (2.18)
is differentiated with respect to T.
V'(T) =

R( T)e-rT- rG(T)e-rT + G'(t)e-rT- rV(T) e-rT + V'(T)e-rT
;-

-rT

e
T . [ R(T) + G' (T) - rG(T) - rV(T)]
1 - e-r !

I

(2.19)

It fo 11 ows from ( 2.19) that V'(T) approaches zero as T gets 1 arger.
However, if the 1 imits (2.9) exist and (2.10) is valid, then
lim erT V'(T) = R(~) - rG(~)
T ~ oo

T

- r[l R(t)e-rtdt-C~]

(2. 20)

0

If the limit (2.20) were negati v e, then

V'(T) would be negative for

sufficiently large T, and hence V(T) would be decreasing for a sufficiently large T.

The limit (2.20) is negative if and only if,
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rG( oo) + r

[J

R(t )e-rtdt - C~)

>

R( oo)

0

which implies
( 2. 21)

>

r

The inequality (2.21) can be interpreted as follows:

the left-hand

side i s the total discounted net return obtained by s tarting at time
zero with an infinitely old forest, cutting i t immediatel y to get the
stumpage val ue G( oo) , replanting the forest immediatel y in c urring a
regeneration cost C~ without ever cutting it again to derive a disco un ted flow of quasi-rent

I

R(t)e-rtdt.

The right-hand side is the

0

total discounted quasi-rent stream derived from starting with an
infinitel y old forest and never harvesting it, since
R( oo )
(2.22)
r

o

Give n the nature of the quasi-rent function (2,6), as shown in
Figure 2; the G(t) function (2.2 ), as shown in Figure 1; and the above
interpreta t ion;

it is assumed that (2.21) holds.

Hen ce V(T) is decreasing forT larger than, say T0 •

Again, as in

the single-cycle case, since V(T) is continuous, it_ attains a maximum on
the interval [0, T0 ); ! fortiori it attains a maximum on

T

~

[~ ~ l

for some

T0 •
The "never cut" situation of Hartman-Strang implies the reverse of

the inequalit y (2.21) with the R function replaced by a 1 arger valued F
function and C~ ~ 0,

That is
F( oo)

G( oo) + F(t)e-rtdt

< -~

r

(2 .21.)
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in that case V( T) 1s no ndecreasi ng forT 1 arger than T 0 and any finite
solut i on T for opt imal rotation age may not exist.

Here again, of

cours e, never cutt i ng ma y be a consequence of (2 . 21') .

The s it u at i o n

characterizing (2 .21' ) depends cruci a 11 yon the assump t i ons of stead y
state G(t)as 1;----. oo, ne ve r decreasing F(t), and noninclusion of variable
and regeneration costL

Taken

as t - oo a nd hence (2 .21' ) .

togethe~

they imply nondecreasing V(t)

The situation (2 .21' ) ,

though not

improbable, ca n occur only under v ery restrictive situations.
Thu~

under the more general situation considered and the assump-

tions made, the ma ximum net return is obtained at a finite and positive
maximu~

rotation age, though there may be more than one local

It is to be noted that the never cutting decision is more likely
under the one-cycle problem because its alternative (cutting the trees)
is more limited in value in the one-cycle than in many-cycle case
(S trang).
A Formal So lution and Comparison
with Alternative Formulation s
This section provide s a formal solution of the models formulated in
the pre v ious section for optimal rotation age in terms of certain
criteria.

Here, again, two cases are considered: the Fisherian one-

cycle case and the Faustmann many-cycle case.

The former is considered

for the sake of its more intuitive appea 1 and the he 1 p it provides for
later comparisons among contendi·ng formulations.
Fisherian one-cycle solution
At an optimal rotation age T, the first and second order conditions
for an interior maximum are V](T) = 0 and V\'(T)

<

0 respectively.
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Thus,

setting (2. 8) equal to zero
R(T ) + G'(T) = rG (T)

(2.23)

or
G' ( T)

R(T )
r -

G(T)

G(T)

(2.24)

The s econd-order condition is (after simplification)
R'(T) + G' '(T)

<

rG'(T) •

Hence, for an interior maximum

(2.25)
R(t) + G' ( T) must intersect rG(t ) from

above (F igure 3).
The optimality condition (2. 23) can be interpreted easily.

On the

right is the interest foregone by postponing forest harvesting for one
perio~

On the left is the gain from po stponing the harvest one period:

it co nsists of the quasi-rent flow (net recreational value) during the
period plus (minus) the va lue of the timber growth (decay) over the
period .

Thus, for optimality, the marg in a l gain from postponing the

har vest one period must equal the marginal los s of postponment.
In the absence of costs associated with providing recreational
services C(t)

0 and (2.24 ) reduces to the Hartman-Strang result

G' (T)

F(T)
r -

G ( T)

G(T)

(2.24')

Furthermore, in the absence of net recreational va lue (quasi-rent),
R(t) = 0, and (2.24) simply reduces to the well-known Fisherian result

G' ( T)
r,
G (T)

(2 .26)
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[F(t ) + C' ( t ) )H

rC ( t)
R( t ) + C' ( t )

T** ......,.

t

Figure 3. Marginal Benefits and Marginal Costs of Not Harvesting Under
Alternative Assumptions.
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a forest should be harvested when it s rate of growth equal s the discount
rate.

With re c reational

va lue onl y,

F(T )/ G( T) > 0, and t her e fore

( 2. 24' ) suggests that the forest should be harvested when the rate o f
growth is less than the discount ratL
harvest.

For similar reasons, (2.24) suggests delayed harvesting.

the quasi-rent,
Strang,

This is achieved by dela y ing the
But

R(T) in our formulation, is less than F(T) for Hartman-

impl y ing

R(T)/G(T)

<

F(T)/G(T).

Hence [ r - R(T)]/G(T)>[r -

F(T) ]/ G(T). This suggests that the optimal rotation age in the presence
of costs for pro viding recreational services will be shorter than that
in the presence of recreational

benefits alone (Hartman-Strang

solution), but longer than Fisherian solution.

Thus our result is a

further generalization of the generalized Fisherian solution of HartmanStrang.
R(t)/G(t) is the ratio of net recreational value per t i me period of
the standing forest to the stock value of harvested timber.

If this

ratio i s greater than the discount rate, then the r i ght-hand side of
(2. 2 4 ) is negative.

The first-order condition (2.23),

as Hartman

pointed out, does not necessarily imply that G'(t) > 0 at the optimum.
Moreover,

the second-order condition will be satisfied for G'(t)

negative, provided G"(t) is a large enough negative value.

Hence an

optimum may occur at a long enough time involving a negative rate of
growth.

Finally,

if the R(t) function is large enough (a distinct

possibility in Hartman's formulation but rather unlikely in our formulation since R(t)

<

F(t) and declining in the interval Ct. ~ ]) relati ve
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to G( t ), there ma y be no definiti ve s o lu t i o n t o (2. 23).

The mo s t

likel y

gener a l case i s shown in Fi gure 3. 2
Faustmann many- cycle solution
An optimal rotation age T under the many-cycle Faustmann case
requires,

V'(T) = 0 and V"(T) < 0.

Thus, from (2.17) and (2. 19 ) and

s etting V'(T ) equal to zero

vI ( T)

( [R(T) - rG(T) + G'(T)] -

T
r[ r R( t)e-rtdt + G(T)e-rT - cR ) )

--~o

______________________o___

=

0

1-e-rT

(2.27)

which implies that

T

rC~

r 1 R( t)e-rtdt

rG(T)e-rT
0
R(T) + G' (T) + ---- = rG(T) + - =----+ ---1-e-rT
1-erT

(2.28)
which for simplified e xpression can be written as

T
R(T) + G'(T)

[

1
0

R(t)e-rtdt- C~ + G(T)]

1-e-rT
T
where !. = - - - = f e-rtdt is the
r
o
return for T years.

(2.29)

present value of a dollar stream of

2 It is relevant to note that Figure 3 of Strang seems to be in error.
The falling portion of F(t) + G'(t) curve implies G'(t) < 0 and large
enough since F(t ) is nondecreasing.
But on the same time interval, his
rG(t) cur v e is shown rising.
With G'(t) < 0, G(t) and hence rG(t )
should be falling. However, this does not have much bearing on his
conclusion.
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Equation ( 2.28 ) can be rearranged as
G' (T)
G(T)

T
I R( t)e-rtdt
1
r[---+ 0
1 -e -rT
G(T) (1-e-rT)

G(T)
(2.30)

)he first-order condition of interior maximum expressed in the form
of (2.29) can be interpreted as: a forest is harvested when its marginal
rate of quasi-rent flow per period plus (minus) appreciation
(depreciation) equals the present value of the average quasi-rent return
per period of a regenerated forest net of its regeneration cost plus the
stumpage value of the previous forest stand just harvested.

The

bracketed term on the right-hand side of (2.29) gives a net return for T
year~

Division by l converts it to an annual

condition V"(T)

<

0 requires,

basi~

The second-order

under this interpretation,

that the

marginal net return on the old forest cut be decreasing more rapidly
than the average net return on the regenerated new forest.
Equation (2.28) also provides a useful interpretation .

On the

left- hand side is the gain from postponing the harvest for one period.
It consists of the quasi-rent flow during the period plus (minus) the
value of the timber growth (decay) over the period plus the gain in
interest on capita 1 i zed va 1 ue of regeneration cost for not harvesting
and thus not incurring the regeneration cost in a sequence of infinite
cutting cycles.

On the right is the interest foregone by postponing

harvesting the forest for one period.
In the absence of costs associated with recreational services and
the cost of regeneration, C(t): C~: 0, and therefore equation (2.30)
reduces to the Hartman-Strang result
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T

G' (T)
G( T)

- 1
r --- +
- 1 -e -rT

I
0

F(t)e-rtdt

F(T)

;- - G( T) ( 1-e-rT j

Exc ept for the term in t he brac kets,
(2 .24' ).

(2.30')

G( T)

(2.30') is the same as

Loose 1 y speaking, and fo 11 owing Hartman, the term in the

brackets acts as a "correction factor" for the interest rate.

1-e-rT

1 i es between zero and one , and therefore , 1 / 1 - e-rT i s greater than
T

one.

Further G( t) and

I

0

e-rtF(t)dt, are both positive.

Thus, the

expression in the bracke ts is greater than one gi v ing rise to an
"effective interest rate" (the

interest

rate

multiplied

by the

" co rrec t ion factor"), which is greater than the interest rate appearing
in (2.24') .

This has the effect of red ucing the optimal har vest age

relative to the model with a one-harvest horizon.

For identical

reasons, (2.30) has the effect of reducing the optima 1 harvest age
relative to our model with a one-harvest horizon and indicated by
(2.24).

Of course, this conc lusion is contingent on the assumption that

the bracketed term on the right of (2 .30) is positive and greater than
on~

This requires a very plausible assumption that the present val ue

of the quasi-rent flow forT years net of regeneration cost is positive,

; .e .,
T

r

b R(t)e-rtdt

r

c~
>

G(T) (1-e-rT)

0
(2. 31)

Similar comparisons between the optimal rotation length s implied by
the solution of (2 .30 ) and the solution of the Hartman-Strang rule
(2.31 ' ) is not that intuitive.

To make a comparison, we adopt the

following step by step procedure, where each step implies, by t he
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preceeding logic, a particular optimal rotation
in Figure 4.
referenc~

ag~

This is also shown

We take the simple Fi sherian solution as our point of

A review of our previou s discussion implies the following

rotation 1 engths:
G' (T)
- - ~ r ~> T0 ,

( 2. 32)

G(T)
Fisherian one-cycle solution T;
G'(T )

F(T)

-- ~ r

G(T)

- - - ~>

(2.33)

T1,

G(T)

the Fisherian solution of Hartman with recreational value

G' (T)

F(T)

G(T)

G( T)

~>

adde~

T2•

(2. 34)

T3 ,

(2.35)

the generalized Faustmann solution of Hartman;
G' (T)

G(T)

1

T
~ F( t)e-rtdt ]

R(T)

r [ 1-e-rT+ G(T) (1-e-rT)- G(T)

~>

a hypothetical so l uti on with F(T) replaced by R(T)

<

F(T) in

the last term; and
. G' (T)

G(T)

T

r[--1- + bR(t)e-rtdt1-e-rT

G(T)( 1-e-rT)

our more generalized Faustmann solution .

C~

J _R~ ~>
G(T)

T ,
4

(2 . 36)
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Tt,
Tz
Figure 4.

--4 t

Comparative Optimal Rotation Time.

Equation (2.34)

implying

T2 and

(2.36)

solutions for (2.30') and (2.30) respectively.

implying T 4 are

the

This suggests that T 4

can be less than, equal to, or greater than T 2•

These alternati v e

possibilities are explored bel ow:
Using the R(t) function defined in (2.3) and (2 . 6), equation (2.30)
i.e., (2. 36) can be reexpressed as

T
G'(T)
1
--= r [--+
G(T)
1-e-rT

T

b F(t)e-rtdt

b C(t)e-rtdt

G(T)(l-e-rT)

cR

_ _o;___ _

J

F(T)

G(T)(l-e-rT)

C(T)

---+--

G(T)(l-e-rT)

G(T)

G(T)

T
1

I

r [--+

1-e-rT

0

F(t)e-rtdt
G(T)(l-e-rT)

T

1

C(T)

F(T)
]

+ ( - - - [o
G(T)

G(T)

C( t)e-rtdt
G(T)

cR

+ _o_])

(2.37)

G(T)

T
where 1. = 1-e-rT /r =

I

0

e-rtdt, is as defined before, the present v a 1 ue

of a dollar stream forT years.
Now excepting the second term within the parentheses, (2.37) is
exactly the same as (2.30') or (2.34).

Thus, the length of rotation T 4
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as comp ar ed to T2 wi 11 depend on whether the term of cost com ponen ts
within the parentheses is pos i tive , zero, or negative, i.e., whether
C( T) -

l [

A

T
I C(t) e-rtdt + cR) ~ 0
o <

( 2.38 )

0

Here C(T) is the amount of variable costs incurred to provide the
rec reational services from the forest stand at the instant T (wh en the
T
forest is harvested); I C(t)e-rtdt is the present value of variab l e
0

costs incurred o v er the period t = 0 tot= T; and C~ is the initial
regeneration cost of the stand.

The term within the brackets may then

be interpre ted as the total cost ass ociated with the forest stand for T
years .

Division by

A converts

i t to an annual

total cost.

Thu s

following the logic developed earlier,

T

if C(T) = ~ [ 1 C(t)e-rtdt + C~],

(2.39)

0

T

[ I C(t)e-rtdt + C~],
A o

if C(T) >

l

if C(T)

l

(2.40)

and
<

T
[ I C(t)e-rtdt + C~],

A o

(2.41)

In summary, the difference between the finite rotation length s
suggested by the Hartman-Strang formulation and the formulation
developed here will depend crucially on the difference between the
variable costs of recreational services and the annual total costs of
the forest stand at the instant T.

The differences in costs wi 11 be

reflected in the differences in "effect i ve" interest rate and hence in
the optimal rotation length s .
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Net Value and Optim al Rota tion Given
an I nitiall y St a nding Fore s t
So far the treatment of the harvesting problem has taken the land
in question as initially bare.

For many stands of timber, a clima x or

old growth fore st initially occupies the land.

The age of timber when

harvested in the first rotation, may then exceed that for subsequent
har v esting cycles.

Thi s consideration leads to a different objective

function to be maximized.

Strang developed a model to analyze the

problem of optimal rotation under this scenerio.

In this model, Strang

again abstracts from co st considerations associated with the flow of
recreational services and from costs associated with tree

regeneratio~

This section provides an extension of Strang's model by incorporating
these costs, i.e., the net value of flow of recreational services and
the net stumpage value.
Following Strang for the case considered here, the age of timber at
the time of the first cut may be larger than for subsequent cuts.

If

the timber is ever harvested, succeeding returns can be modelled as in
the Faustmann
first cut.

proble~

for in that case the forest become bare after the

For a post-firstcut solution T1 a stream of net value

v1 (T 1 )/1-e-rT1 = K can be derived if the forest is cut for the first
timL Here v1(T 1) corresponds to our (~7) with a subscripted solution
time, and K is, thus, the maximum value of our many-cycle Faustmann
objective function (2.17).
presen~

t=O.

Let A denote the age of the forest at

The objective here is to maximize

t

U(t)

I R(A + x)e-rtdx- C~ + G(A + T)e-rt + Ke-rt
0

( 2. 42)
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with respect tot , the len gth o f t i me until the first cut (all subse q~ent

cuts being made at intervals of T1 years) .

of time unt il we first get a cleared forest.

Thus, t i s the length

U(t) is the net va lue of

the forest unti 1 the first cut, represented by th e fir s t three terms on
the right-hand side of (2.42), plus the value derived after the first
cut,

Ke-rt.

The net return obtained unti 1 the first cut is our

Fisherian one-c ycle objective fun ct ion (2 .7 ) with Rand G functions
upd ated by A, the initi al age of the forest.
in section (2.3),

Under the assumption s made

U(t) is bounded and continuous.

To deter mine the existence of an optima 1 rotation age,

U is

differentiated with respect to t such that
U'(t) = R(A+t)e-rt + G'(A+t)e-rt- rG(A+t)e-rt- rKe-rt
=

e-rt[ R(A+t) + G'(A+t) -rG(A+t) - rK]

(2. 43)

It follows from (2.43) that U'(t) approaches zero as t gets larger.
However, given that the 1 imits (2.9) e xists and assumption (2.10) is
valid,
R( )- rG ( oo) - rK •
00

( 2.44)

If the 1 imit (2.44) were negative, then U'(t) would be negative for
sufficiently large t,
sufficiently 1 arge t.
rG( oo ) + rK

R( oo )

>

and hence U(t) would be decreasing for

The 1 imit (2.44) is negative if and only if
(2.45)

which implies
G( oo ) + K

> --

r

(2.46)
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Th e terms of the left-hand side o f inequality (2.46) is the stump age
va lue derived by starting initiall y with an infinitel y old forest and by
cutting i t down immediatel y, then deri v ing a stream of net value after
the forest is cut for the fir s t

tim~

The right-hand side is the total

discounted quasi-rent stream derived from starting with an infinitely
old forest and never harve sti ng it, since R( oo)/r = 7 R(oo )e-rtdt
0

In light of the above interpretation and given the nature of the R
and G functions as shown in Figures 2 and 1 respectively, it is assumed
that the condition in (2.46) holds.
Hence U(t) is decreasing fort larger than say t 0 •
continuous,

Since U(t) is

it attains a ma ximum on the interval [A+t, t 0 ]; 2. fortiori

it attains a maximum on [A+t, oo ] with t = o for some t

0

~t ,

Here again, as in the previous section, the never cut situation of
Strang implies that

(2.46')
with the quasi-rent function replaced by a larger

valued gross

recreation benefit function F and regeneration costs C~ = 0.

It

suggests, again, that U(t) is nondecreasing fort larger than some t

0

and any finite solution t for optimal rotation age may not exists.
Never cutting may be a consequence of (2.46').

The outcome (2.46') is

again a possibi 1 ity under some very restrictive assumptions such as
steady-state G(t) as t---> oo , never-decreasing F, and the absence of any
costs.
Thus, under our assumptions and formulation, the maximum net return
is obtained at a finite rotation age (there may be more than one), even
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when the opt imal time of the first cut has passed without the cut being
made .
From

(~43) ,

the first order condition for an interior ma ximum of

(2 .42 ) 1 eads to
R(A + t) + G'(A + t) = r[G(A + t) + K)

(2 . 48)

and the second-order condition implies that
R'(A + t) + G"(A + t) < rG'(A + t) •

(2. 49)

An interpretation of Equation (2.48) suggests that an interior
maximum requires that the marginal net va lue of postponing the initial
harvest just equals the marginal (opportunity) cost of not

harvestin~

the interest lost on the first [ rG(A + t)] and all subsequent (rK)
harvests.
The second-order condition is identical to that for the Fisher
problem, viz ., equation (2.2 5) evaluated at T =A+ t, since K is
constant for a l l t.
This problem of an initially standing forest can be considered in
the context of Figure 3, with rK (a constant) added to the rG(t)
function and the vertical axis shifted to the right by the initial age
for the forest, A as is seen in equation (2.48).

Here T =A+ t, the

age of the forest at the time of the first cut.
In terms of Figure 3 (adjusted for rK and A) optimal behavior may
be examined in terms of several cases.

If A is less than or equal to

T*, then it is best to c ut at t = T*- A (i.e., T = T*).

If the forest

ha s aged past T* years but less than T years , then it is optimal to cut
immediately (at t = 0 or T = A),

since the highest value of the
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obje ct i v e function attainable from then on can be had onl y by immediate
harve s t.

If

A ~

T yea rs, then it i s preferable t o cut at T = T** - A

( i.e .. T = T** ), which may be ver y large but still finite.

This is

because even though initially standing forest may have a high-standing
value (gross), the net standing value of a very old forest may not be
high enough to justify never cutting.
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CHAPTER I I I
DETERMINISTIC OPTIMAL CONTROL AND OPTIMAL FOREST
ROTATION WHEN STANDING FOREST HAS VALUE
Introduction
The introduction of the "maximum principle" by Pontryagin et al.
elevated optimal control as a research tool in economics to

prominenc~

Optimal control models describe the evolvement of a system over a time
horizon and determine optimal

levels of decision variables over time.

The state of the system at any point in time is characterized by
state variableL

Changes over time in the state variables are according

to equations of motion, which are assumed to be functions of the state
variables and control variables at the moment ·of chanqe,
time is called the time horizon.

The terminal

In general, the decision maker's

objective is to max imize the discounted value of the sum over time of
temporal utility functions which are functions of time and levels of the
control and state variables at each moment of time.

Thus the optimal

control problem determines the controls that maximize the value of the
objective function subject to the equations of motion given the initial
values of the state variables.
Anderson,

in comparing the net present value (NPV) model of

rotation and the optimal control approach to resource management,
generated a rotation rule comparable to the Faustmann rule (w hen the
forest has only timber value).

The object of the present chapter is to

provide such a comparison when a forest has, besides timber value, a
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flow of va lu e of recreation a l services f l ow ing as a positive stock
extern a 1 it y when stand in g.

Th rough this e xe rc is e i t i s shown that an

optima l control model of a litt le different form, e.g. Be re k, than the
one of a s ingle-us e repleni shab l e resource proposed by Anderson suff i ces
to generate a rotation rule co mparable to the more general Fau s tmann
rule of t he Hartmann-St rang

typ~

An Optimal Co ntrol Approach to
the Generalized Rotation Problem
Here a sync hronized forest of e ven-aged stands is

considere~

It

is hypothesized that the stock of the standing forest resource provides
benefits t o society but the private resource owner may ignore this flow
of services re l ated to the stock of the resource.

The model developed

below is, thus, a normative model that will permit us to derive rules
characterizing optimum behavior from a social viewpoint.

It is then

examined to what extent a competitive decision characterized by a
Faustmann-type decision rule is likely to behave in this
In the present model,

wa~

the forest resource is controlled by a

hypothetical social manager/planner whose primary function is to manage
the natural resource commodity,

timbe~

It is assumed that the manager

chooses the rate of harvest in each period to maximize the social
utility of the discounted stream of net benefits from the resource over
an infinite planning horizon.
The following assumptions and relations are maintained in the
dev e 1 opment of the mode 1:
The Growth Curve.

Let X = X(t), a scalar, be the stock of the

harves table population of trees in a forest at timet.

Let its growth

be described by the differential equation dX / dt = X( t) = g[X(t)] - h(t),
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where g[X(t)]
function

representing

population .
K) ,

i s a concave a nd tw i ce cont inu ous l y differentiable
the natural

growth

rate for the resource

The function g is positive on l y on the open interval (0 ,

and zero at 0 and

K.

h = h(t) is the rate of

Th e variab l e

har v est ing at time t.
Recreational Value.

Let F

= F[X(t)]

be the v alue of recreational

services that the stock of sta ndin g trees (t he resource population )
provides to

soc iet~

The function F is assumed to be concave and twice

different i ab 1e.
Certainty.

The resource manager knows the demand for the resource

commod it y ( in the form of timber) and future resource stock and harvest
rate so that future price s can be predicted with certainty.
Costs. Harvesting costs are assumed to be a function of both the
rate of harvest and the stock held.
the (total) cost of harvesting.
<

Thus c = c[h(t), X(t)], where cis

Cost i s assumed to be negativel y ( ac/ ax

0) related to stock where har vesting proceeds from the more accessi ble

to the le ss access i ble port ion of a forest.
ah ~

It is also assumed that ac/

o.
The costs directly ass o ciated with the harvest rate h(t ) are

composed of the opportunity costs of inputs and the loss of recreational
services that will be assumed to be related to the remaining undisturbed
s tock of the standing forest.

The costs indirectly associated with h(t)

are those imposed on the future as a result of using some of the timber
stock .
Demand and Soc ial

Benefits.

Consumers are represented by a

downward slo ping demand curve D(p ) such that

h
I
0

the "social uti 1 ity of co nsumption" of timber.

D( S) d e

h
= I

p(D)dD = U( h),

0

U( h) is continuously
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differentiab l e an d i s t he same in every period a nd u'(h) = p(h).

The

social benef i ts (SB) assoc i ated with a rate of natu r a l re source (forest)
commodit y (t i mber) utilization (ha r vest ing)

of

h(t)

can

the n be

represented by the area under the timber demand curve up to the harvest
rate h(t), plus the value of recreational services related to the
h
undisturbed stock , X( t), such that SB(t) = D( e) d 8 + R[ X( t)] = U(h) +

b

R[X(t)] .
Planner's Object i ve.

The p 1anner's/soc i a 1 manager' s object i s

Max W = I [ U(h) - c(h,X) + F(X)]e-rtdt
0

(3 . 1 )

s ub ject to
X = g[X(t)] - h(t )
X ::: 0; h

(3 . 2)

[0, hmaxl

In (3.1) W is the discounted "social" va lue of the perpetual s tream
of net benefits over time and i s assumed to be conve x from above.
Equations (3.1 ) and (3.2) comprise a problem in optimal control theory,
with the co ntra 1 v ari ab 1 e being h( t) and the state v ari ab 1 e being X( t).
The equation of motion specifying the rate of change of X(t) i s (3.2).
The re st of this section wil 1 explore the steady-state interpretation of
the above system characterized by even-aged stands.
To accomplish this, we form the Hamiltonian for this problem:
H = [U(h ) + F(X) - c(h, X)]e-rt + >. (t)[g(X) - h] •

( 3. 3)

H can be interpreted as the rate of the discounted net social
benefits at the instant t .

Here >. =>.( t ) is the costate variable and is

t he shadow price of a tree.
re venues if a tree is not cut.

It represents the addition to future
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The maximiz a t i on of W requires two necessary conditions on H:
aH

dx
[ U1 ( h) - c 1 (h) + F 1 (X) -- e-rt - A( t )
dh

ah
aH

d A

ax

dt

= -

!. =

[

F1 (X) - c 1 ( X) J e-rt +

=

0

g 1 ( X) •

( 3.4 )

(3 .5)

Rela t ion (3 .4 ) implies that
A( t )

=

[

U1 ( h) - c 1 ( h) + F 1 (

dX

Xl--J

e -rt

( 3. 6)

dh
dX
wh e re F 1 (X) -dh

<

0 •

Equ ati o n (3.6) indicates that

A(O ) is to be interpreted as the net

so cial pri ce (shadow prices) of a unit of unharvested timber and is
equivalent to marginal stumpage price net of marginal harvesting costs
and lo ss of marginal recreational value of a unit of timber biomas s at
time 0.
Differentiating ( 3.4 ) with respect to time,
dX
-r [ U1 (h ) - c 1 ( h) +F 1 ( X) --]-e-rt +d[U 1 (h) - c 1 (h)
dh
dX
1
+ F (X) --] / dt • e-rt - ~(t) = 0.
dh
Substituting

~(t)

( 3. 7)

from (3.5) in (3. 7), we obtain

dX
-r[U 1 (h) + c 1 (h) + F 1 (x)--]e-rt + d[U 1 (h) - c 1 (h)
dh
dX
+ F1 (X) --] / dt • e-rt + [ F1 ( X) - c 1 ( X) ]e-rt + ;>, (t)g 1 ( X)
dh
Further, using (3.6), (3.8) then turns out to be

0 • ( 3.8 )
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d A( t)
-r A(t) + - - + [F ' (X) - c'(X)]e-rt + A(t)g ' (X)
dt

which afte r dividi ng through by
~( 0 )

~ t)

0
( 3. 9)

and evaluated at time t

0 is

F' (X) - c ' (X)

-r + - - + - - - - - - + g'(X)

A(O)

(3. 10)

0 •

A(O)

Under the

steady-state assumptions,

the price of a unit of

unhar vested resource (t ree) rem ains unchanged over time,

i.e., A(O) = 0.

Thus (3.1 0) further s imp lifie s to
F' (X) - c ' (X)

+ g' (X)

- r t

0 •

(3. 11 )

A( O)
In the absence of the value of recreational services and the stock
effect on harvesting costs, F'(X) = c'(X) = 0.

In that case, (3.11)

pro du ces the stea d y-state optimal control solution to the single-use
renewable resource problem:
g ' (X) = r

( 3. 12)

The assumption of a zero discount rate (r = O)

leads to the

selection of g'(X) = 0, which is the well-known maximum sustained yield
(MSY) solution.

Since, the biomass growth function is assumed convex

from above, the optimal control rule with r

>

0, implie s a level of

resource s tock lower than the level o bser v ed under a MSY program.
Howe v er, (3.11) as such implies that

g, (X)

r-

F'(X) - c'(X)
[

A (0)

J

(3 . 13)
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Since c'( X)
simple ) with r
positive.

<

0, and >.(O)

>

0, and if F'(X)

>

0 (to keep the problem

0, then the term in brackets on the right of ( 3.1 3) is

>

This gives rise to an "effective interest rate" less than the

interest rate appearing in ( 3.12).

This has the effect of increasing

the resource stock further than the le ve 1 s uggested by ( 3.12).
Conversion of the Control Solution
to a Generalized Optimal Rotation
Using the approach fo 1 1 owed by Anderson, the steady-state mode 1
(3.11 ) can· be converted to a rotation rule,

F' (X)

Assuming for the time being

= c ' (X) = 0, then g ' (X) = r describes the optimum steady state.

Since X( T)

.

..

= g[X(t)] - h(t), it follows that dX(t)/dt = X(t) = g'(X)

X(t) - h(t).

Si nee in the steady-state the rate of harvest remains

invariant with respect to time, h'(t) = 0, and then g'(X) = X(t)/X(t)
such that the optimum rule can be written as
g ' (X)

r

X(t)/X(t)

(3. 14)

Now, as in the steady-state , the periodic harvest is constant
through

tim~

the resource stock consists of an even-aged distribution

of tree stands with the o lde st sta nd being cut during each harvesting
i nterv a 1 (dt ).
time,

Si nee the biomass of the resource is stationary through

the volume of the (o ldest) stand being harvested during the

current interval is equal to the s um of the growth increments on the
entire biomass taking place during the same interval.
biomass of the (old) stand currently harvested,

If x(t) is the

the steady- state

involves
X(t)

x(t) •

(3.15)
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If the g rowth of any individual stand is represented by the function

( con v ex from above in the re 1evant range):
(3 . 16)

;(t) = f[x(t)]

which is the fam iliar growth curve for stumpage volume, then the growth
of al l stands from generation to harvest can be represented as

T
X(t)

1

(3 . 17)

f[x(t)]dt

0

where Tis the harvesting age such that x(T) is the stumpage volume of
the oldest stand.
X(t)

Different iatin g (3.1 7) with respect to time we obtain

(3. 18)

f[x(T)]

such that using (3.15), (3.16), and (3.18), we obtain
f[x(T)]
;( T)
X(t)/X(t) = - - = x(T)
x(T)
Substituting (3.19 ) in (3.14),

(3. 19)

the steady-s tate harvesting solution can

be written as
g'(X)

r = X(T)/X( T) = ;(T)/x(T)

(3.20)

which states that the optimal time (T) for harvesting the oldest stand
is when the proportional rate of growth of its stumpage volume (or va lue
when price is fixed) equals the discount rate.

This is the familiar

simple Fisherian one-cycle solution.
If F'(X) f 0 and i f c ' (X) = 0, then using (3 .11 ), equation (3.1 9)
implies
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F' [ X(T) ]
g ' (X)

r-

= x(T)/x(T)

(3 . 21)

>. (0)
Now, the recreationa l v alue at the in stant T from the biomass is
equal to the marginal

recreational value with respect to the resource

stock , F'[ X( T)] times the change in t he resource stock with respect to
time X(T) , i.e.,
F(T ) = F'[X(T)]X(T), such that

F' [ X( T)]

F(T)

>. (0)

F(T)

----

>. (O)X(T)

where >.( 0) x( T) is the social
time. 1

( 3.22)

>.(O)x(T)
value of the unharvested trees at optimal

Thus (3.2 1) can be rewritten as

g ' (X)

F(T)

x( T)

>.(O)x(T)

x( T)

r -

(3.23)

To faci 1 itate comparison with the results i n Chapter I I, multiplying
bo t h the numerator and denominator of the right-hand side of (3. 23) by
1. (0) , we can rewrite (3.23) as

1

F(T)

g (X) = r - [ >.(O)x(T)

where >- (O)x(T) and
marginal

]

>.(O)x(T)

( 3. 24)

= >.(O)x(T)

>{O)x'(T) are

social stumpage values

respectively the

social stumpage and

of the oldest stand.

Equation (124)

1
For a single stand, ;>.(O) x(T) is an equivalent expression for G(T) of
Chapter I I.
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is

t he socia l

G' ( T)
a na logue of - -

G(T)

F( T)
r - [ - - ] in ( 2. 24).

Equ at ion

G(T )

(3 . 23) or (3 . 2 4 ) i s a v ariant o f the generalized Fisherian one-c y cle
sol u tion (2 . 24 ' ) when t he re c rea t ional v alue is added t o the steady state optimal

control model.

Thus, as in Chapter II, equation (3.23)

and (3. 24) suggest a 1 onger optimal rotation period than does equation
( 3.20), the simple Fisherian rule.
Howe ver,

as noted in Chapter I, equation (3.20) is the solution to

a s pecial c ase in the theor y of aging assets.

It ignores the

opportunity costs of land input occupied by the growing tree stoc k.

The

Fau s tmann chain-rotation framework identifies the opportunity cost of
land inpu t with the present value of a series of timber harvests from
the same p 1 ot of 1 and.

In terms of the present mode 1, using ( 3. 24),

harvest rule for a single stand when forest

the

land posse s ses an

opportunity cost, can be written as
A

(O ) x(T)

a + r

A(O) x(T)

( 3. 25)

where the stumpage price A(t) is stationary through time.
Equation

(3.25) equates the current increment in the social

stumpage value to the sum of opportunity cost of land (a) and the
opportunity cost of capita 1 embodied in the resource stock.

Here the

social stumpage value is implicitly taking care of harvesting costs,
since A(O) is the net shadow price.
Reviewing our discussion so far permits us to rewrite (125) as
A(O) X(T )

a + r A(O) X(T)

(3. 26)

thus con v erting the harvesting rule for the individual stand into the

56
comparable rule for a steady-state resource biomass.

For purposes of

compari son with (3.11 ), (assum ing there that c'(X) = 0), (3.26) can be
written as
- r- a/[, (O)X( T)] + g'(X) = 0.

(3.27)

From this and referring back to (3.11), the opportunity cost of
land under a single stand can then be interpreted as
a=- F'(X)X(T) =- F(T)

(3.28)

which is the negative of the value of recreation associated with holding
the biomass x( T) on land that could be devoted to alternative uses
(regeneration of new forest).
Allowing for regeneration costs, the present value of the land used

T

for a single rotation is given as>.(O)x(T)e-rT + I F(t)e-rtdt-

cR(O),

0

where cR(O) is the initial regeneration cost.

The corresponding present

value of an infinite sequence of identical rotations of length T
T
is given by the Faustmann valuation formula[ >.(O)x(T)e - rT + ~ F(t)e-rtdt
- cR(0)]/(1- e-rT).

If, as required by a true steady-state approach,

the plot of land currently occupied by a stand derives its present v alue
from an infinite chain of future rotations, the per-i-odic opportunity
cost of the land is the interest loss sustained by postponing this
infinite chain of rotations by one period less the instantaneous gain of
recreation v alue from unharvested stock.

a

r ([ >.( O)x(T)e-rT

+I

(1 - e-rT)) - F(T) •

The cost then is given as

F(t)e-rtdt - cR(O)]/

( 3.29)
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Su bsti tuting of (3.29) into (3 .25 ) gi ves

b

•
( [A(O)x(T)e-rT +
F(t)e-rtdt- cR(O ))
). (O)x(T) = r
1 - e-rT

+ r A(O)x(T) -F(T) •

(3.30)

Dividing through by A(O)x(T) and after some manipulations, (3.30) yields

T

A(O)x(T)

x( T)

- - = r [--

A(O )x(T)

b

1

x(T)

F(t )e-rtdt

+

1-e-rT

cRco)

A(O)x(T)(l-e-rT)
F(T )

------------1-----A(O)x(T)(l-e-rT)
A(O)x(T)

(3. 31)

Equation (3.31) can be directly translated for the whole steadystate biomass:

J

XCT)
1
F( t)e-rtdt
0
g'(X) = - . - - = r [ - - - + - - - - - - X(T)
1-e-rT
A(o)X(T)(l-e-rT)
F(T)

----------1-----A( o)X(T)(l-e-rT)
A( O)X(T)

(3.32)

If social and private stumpage prices coincide and if the value of
the recreational services and regeneration costs are added to the model,
then equations (3.31) and (3.32) ·are precisely the Hartmann-Strang
generalized Faustmann rotation rule (2.30') of Chapter II,

with

regeneration cost added to the model.
When F(t) = a = 0,

then from (3.29),

A(O)x(T)e-rT = cR(O) and

(3.31) and (3.32) reduce to the simple Fisherian rule (3.20).

If a= 0,
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but F( T) f 0, then from (3.29) , >.(o)x( T)e-rT = cR(O)-

T
I

F(t)e-rtdt, and

0

(3.31) and (3. 32) redu ce to o ur generalized Fisherian one cyc le rule
( 3. 23) .
The preceeding discussion has demon st rated that an optimal control
model is consistent with the Faustmann framework for maximizing the NPV
of a series of rotation eye 1es of i dent i ca 1 1 ength even the when v a 1 ue
of recreational services and regeneration costs are added.

Forest

managers utilize the Faus tmann framework to ma ximize the discounted net
return of forested land when the forest provides timber value if
harvested and a flow of va lue of recreational services if standing
provided they take account of the flow of positive externality flowing
from the stock of biomass.

In the process, the managers follow an

infinite chain of harvests, the steady-state characteristics of which
are equivalent to the steady-state rule that would be adopted by a
manager/planner maximizing social welfare in the context of equations
(3 .1 ) and (3.2 ).

As Anderson has noted, using the Faustmann framework

for non-steady-state situations will introduce problems of expectations
regarding future movement of stumpage prices (shadow prices) over time
[ ~ (t)] .

Harvesting and regeneration decisions will be influenced by

these expectations and they shou ld be consistent with actual future
stumpage prices for optimal behavior.

The steady-state model simplifies

the problem of expected stumpage prices by assuming them to be
stationary through time.
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CHAPTER IV
OPTIMAL ROTATION OF A FOREST HAV lNG NET VALUE UNDER UNCERTAINTY
OF PRICE AND RISK OF UNPREDICTABLE CATASTROPHE
Introduction
Traditional!~

the problem of determining optimal forest rotation

has been treated within the framework of deterministic models.

It is a

deterministic wor 1d in which a 11 current and future demands, prices and
costs are known, and in which current and future stock of biomass of the
forest resource susceptible to environmental factors are perfectly
predictable.
Yet,

unpredictable fluctuations in timber prices and in the level

of tree population occur frequently in the realm of forest management.
Therefore, the traditional models that dominated our discussion in
Chapters I I and I I I are inadequate,

It is necessary to dev e 1 op mode 1 s

that include uncertainty, and examine if and how the results derived
from deterministic analyses have to be modified.
In this chapter, two aspects of optimal forest rotation under a
stochastic

environm~nt

are modeled and analyzed:

(1) By use of the

theory of competitive firm underprice uncertainty, e.g., Sandmo, the
more general deterministic model presented in Chapter II is extended by
incorporating an uncertain stumpage price and forest owners with risk
aversion; (2) By use of a Poisson process, e.g., Reed, the more general
deterministic model of Chapter II is extended to capture the effects of
risk of unpredictable catastrophe on the optimal
forest stand,

rotation period of a
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The analysis is restricted to one forest unit managed by a
competitive firm.

The forest consists of a single homogeneous tree

population distributed uniformly.
Optimal Rotation Age Under
Price Uncertainty
In the analysis presented, the forest manager is assumed to be
operating in a perfectly competitive market and to have perfect knowledge of the level of the tree population, the demand for recreational
service~

and the costs associated with providing recreational services

(and hence the quasi-rent function as defined in Chapter II), and the
regeneration and harvesting costs.

In other words, tree stock and net

value of flow of recreational services is assumed to be deterministic.
It is assumed that the forest manager considers only the stumpage
price p

stochastic with a subjective probability density function •(p)

and an expected price E[ p] : p.
Furthermor~

E is the expectation operator.

it is assumed that planting decision when the production

process starts must be

taken~

ante,

i.e.,

before the stumpage price is

known, and only on the basis of the knowledge of the price summarized in
the density function.

To facilitate comparison with the preceeding

deterministic model, the stochastic price can be subsumed in stochastic
stumpage value.

If G( t) is the stumpage value (net of harvesting cost)

of a forest of age t, with a stochastic price, then G(t) is stochastic
with a subjective density function f[G(t)] and an expected stumpage
value E[G(t)]: ii(t).
The forest manager is assumed to maximize the expected utility of
discounted value of net returns V(t) from the forest resource.
are as defined in Chapter II, with the stochastic character

adde~

V(t)s
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The approach adopted here is to describe the rotation problem in
terms of the classic Von Neumann-Morgenstern theory of individual
decision making under uncertainty.
results in a

V that is

stochasti~

Uncertainty in stumpage price
Hence, the manager must select the

best of the available probability distributions for V, which are called
random prospects.

If we assume that the manager's behavior in solving

this prob 1 em conforms to the Von Neumann-Morgenstern axioms 1,
can be inf erred that the preference orderi ng for

then it

various random

prospects can be represented by a uti 1 ity function U[ V(t)] and that the
best prospect i s found by maximizing the expected value of utility2.
For a forest manager with a planning horizon running through one
harvest cycle from the time t=o through t=T, the objective function to
be maximized with respect to T can be written as
Wl (T) = E {U[V 1 (T)] }.

( 4.1)

When the p lanning horizon is extended to an infinite sequence o f
identical harvest cycles t he objective function to be maximized turns
out (from Chapter II) to be
W(T) = E { U[V 1 (T)/1-e-rt] }
where r > o is the riskless interest rate.

(4 .2 )
The forest manager's atti-

tude towards risk in resource return is represented by the form of the
U[V(T) ].
See, for example, Henderson and Quandt, pp. 53-54.
2 The transitivity axiom required for the existence of a utility function
is assumed to be va lid. There are many firms in which decisions are
essentially made by one person, and there are presumably firms in which
preferences are sufficiently similar within a group of decision makers to
guarantee the existence of a group preference function (Sandmo).
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Strict concavity in the utility function implies risk aversion.

The

choice of the particular form is based on its risk characteristics in
terms of the measures of risk aversion developed by Arrow and Pratt.
the analysis here, utility is represented by a

concav~

In

continuous, and

twice differentiable function of discounted net returns, U[V(T)], where
U'[ V(T)] > 0, U"[V(T)]

<

(4. 3)

0

so that the forest manager is assumed to be risk averse3.
For clarity and convenience of exposition, here again, the analysis
runs in terms of two cases:

the Fisherian one-cycle case and the

cas~

Faustmann many-cycle

Fisherian one-cycle solution
For a one-cycle time horizon, the discounted net return from a
forest of age Tis represented by equation (2. 7), where G is now random
and R and C~ are deterministic with their usual interpretations.
The expected utility of discounted net returns can be written as
E [ U[V 1

(T)]]

=

I

U[I:e-rtR(t)dt + e-rTG(T)-

C~]f[G(T)]

dG(T)
(4.4)

where the first integration is over the range of G(T).

Alternatively

stated

T
E{ U[

I

e-rtR(t)dt + e-rTG(T) - C~] }.

(4. 5)

0

3 In order for a utility function to satisfy the Von Neumann-Morgenstern
axioms without giving rise to the St. Petersburg phenomena, it must be
bounded from above. Strictly speaking, then, equation (4.3) holds only in
the range be 1 ow the upper bound of U (see Arrow).
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Differentiating (4.5 ) with respect toT, the necessary co nditi on
for an optimum is
( 4. 6)

implyin g that

EfU1 [V 1 (T)) [R(T)- rG(T) + G1 (T))J; 0

(4. 7)

The sufficient condition for an optimum is
D; E [ U11 [V 1 (T)) [R(T) - rG(T) + G1 (T))2e-rT + U1 [V (T))[R 1 (T)
1
1

- rG (T) + G11 (T)] -r[R(T) -rG(T) + G1 (T)) ]

<

0

(4.8)

1

If [ R ( T) - rG 1 ( T) + G" ( T) ) < r [ R( T) - r G( T) + G1 ( T) ), then D < 0 i s
satisfied.
The problems of existence

and of corner solutions are

not

discussed, and i t is assumed that (4.7) and (4.8) determine a nonzero ,
finite and unique solution T, say T to the present maximization problem.
In Chapter I I, it has been shown by equation (2.23) that under
certainty,

the solution T is characterized by the equality between net

gain from marginal time and opportunity cost of marginal tim~

To allow

for the comparison between the competitive optimal rotation under
cond t t ions of certainty and uncertainty the prob 1 em is posed as fo 11 ows:
What is the optimal rotation t i me under uncertainty compared to the
situation where the stumpage price is known to be equal to the expected
value of the original distribution (Sandmo)?
referred to as the deterministic time.

The latter time is
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Now t he first order cond ition ( 4.7 ) can be written as

E [ U' [V 1 ( T)]R(T J]+ E [U'[ V1 (T)]G' ( TJ] = E [u ' [ V1 ( T)] rG ( TJj . ( 4. 9)
Subtracting E( U'[V 1(T)]E[rG(T )] l from and adding E ( U'[V (T)] E[G' ( T) ] }

1

to

both

sides of (4.9 ) and remembering

that

E[rG(T)]

= rG(T) and

E[G'(T)] = G ' (T) , we have

E [u'[V 1 (T)JR(TJ] + E [u'[v 1 (T)J G'(TJ] + E [u'[V 1 (T) G'(TJJj
- E [ U'[V 1 (T)] rG(TlJj

= E [ U'[V 1 (T)] [rG(T)- rG(T)] ]

(4.10)
which imp li es that

E [ U'[V 1(T)] [R(T) + G ' (T)- rG(TJ]= E [u'[V (T)] [rG(T)

1

- rG(T) + G'(T)- G' (TJJj .

(4. 11)

T
Since E[V 1(T) ] = ~ R(t)e-rtdt + E[G(T)]e-rT- C~ (from the definition
of v,(T)) , we have v,( T) = E[V,(T)] + [G(T)- G(T)]e-rT .

Given the

conca v ity of U, it then follows that

if G(T) > G(T).

(4. 12)

Then,
U'[V 1 (T)] [rG(T) - rG(T) + G'(T) - G'(T)] < U' [E[V (TJJ]
1
-

-

[rG(T)-rG(T) + G'(T)- G' (T) •

(4.1 3)

This i nequality holds for all G and G'. 4

Taki ng expectations on both

sides of (4. 13) and noting that U' E[V 1 (T)]

is a given number, we have

4 See Sandmo
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[ u '[V 1 (T)) [rG ( T) - rG( T) + G'(T ) - G' ( T) J]

<

U' [E[V 1 (T)J ]

E[rG ( T) - rG( T) + G' ( T) - G' ( T))

( 4. 14)

But here the righ t -hand side is equal to zero by definition, and
therefore the left-hand side is negative.
left-hand side of (4.11) is also negative.
[ u'[V 1 (T)J ] [R(T )

It then follows that the

This can be written as

+ G'(T)- rG(T)}

<

o

(4. 15 )

and, since marginal utility is positive, this implies that
R(T) + G' (T)

<

rG(T) .

( 4. 16 )

Inequality (4.16) shows that the expected utility maximizing
rotation time T is characterized by the expected net return of marginal
time R(T) + Gi(T) being less than the expected opportunity cost of
marginal time rG(T).
Inequality

G' (T)

(4. 16) may be rewritten as
R(T)

< r -

G(T)

(4. 17)

G(T)

Following the 1 ogic of Chapter II and Figure 3,

inequality (4.17)

implies that under stumpage price uncertainty, optimal rotation 1 ength
is longer than the deterministic optimal

rotation length characterized

by (2.23) and (2.24), where the deterministic stumpage price/value is
equal to the expected price

p

/value G.

This result is supported by the

finding of Norstrom and may be due to the entrepreneur's desire for
greater availability of inventory to meet uncertain future price.
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I neq ua 1 i ty ( 4.17) may be ca 1 1ed a genera 1 i zed one-eye 1e Fi sheri an
rule under pr ic e uncert ainty .

The absence of a net benefit fro m

recreational service (i .e., when R(T) = 0), turns (4.17 ) to the s imple
Fis herian so l ution G'(T)/G(T)

<

r,

under price uncertainty and implies a

longer rotation length than under certainty but shorter than the
generalized sol uti on characterized by (4.17) .
Faustmann many-cycle solution
Here the objective function to be ma xim ized is (4 . 2) and the
necessary condition for an optimum, following (2.29),

is

E (u '[V 1 (T)] [R(T) + G'(T)1

-

where

T

(I R(t)e-rtdt + G(T) - C~)])
A o

=

0

(4. 18)

A= (1-e-rT)/r •
Us ing the same procedure as followed for the one-cycle case (with

some addition a 1 te rms ), it can be shown that
E [ U'[V 1 CT)]j[R(T) + G'(T) -

T

A

(IR(t)e-rtdt + G(T)- C~)] < 0.
o

( 4. 19)

Given positive marginal utility, this implies that
R(T) +

G' (T)

T
<- ( 1
A
0

which can be rewritten as

R( t)e-rt dt + G(T) - cR)
0

(4.20)
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T
6RCt) e-rtdt
1
< r[- - - +
1-e-rT
G( T)( 1-e- rT )

G' (T)
G(T)

cR
-

G;T ) (1-e- rT )] -

R(T )
( 4. 21 )

G(T )

Inequa 1 ity (4. 21 ) can then be ca 11 ed the genera 1 ized Faustmann
rotation rule under stumpage price

uncertaint~

It indicates again that

under stumpage price uncertainty the optimal rotation length is longer
than the deterministi c rotation length characterized by (2.29) and
(~30)

where the deterministic stumpage value is equal to the expected

v a 1 ue G.

A review of Chapter I I affirms that under certainty as we 11 as

under uncertainty the Faustmann many-cycle rule (4.21) implies a shorter
rotation period than the Fisherian one-cycle rotation period implied by
(4 . 17).

Effects of increasing risk and
expected stumpage price
The results obtained so far are concerned with the

~ll

impact

of stumpage price uncertainty on the forest rotation . decision.
question of

marg~E_}

impact,

i.e.,

The

the effect of making a given

distribution "slightly more risky" (Sandmo) is considered here.

The

analysis is restricted to the one-cycle horizon.
Following Sandmo,

a small

increase in risk is defined as a

"stretching" of the probability distribution of G(T) around a constant
mean.

For this two-shift parameters, one multiplicative and one

additi ve are introduced.
S G(T) + 8

Then. the stumpage value can be written as
(4.22)
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B i s the multiplicative sh ift parameter and 6 is the additive.

where

6

is equivalent to an increase in the mean with all other moment s
constanL

Because of the nonnegativity of G(T) an increase in B alone

(f rom the point
variance.
value),

8;1, 6;0) wi 11 increase the mean as well as the

To counteract this in order to preserve the mean (expected

8 is made to reduce simultaneously.

Taking the differential,

the requirement is that
dE[ s G( T) + 6) ; E[G(T)d8 + d9)

(4.23)

0

which implie s that
(4. 24)

G(T) dB + d6 ; 0
and that is

( 4. 25)

d6/ dB ; -G( T)
The function

v1(T)

can now be written as

v1(T);

T

~ R(t)e-rtdt- C~ +

[ BG(T) + 8)e-rT, the expected utility of which is

(4.26)

Differentiating (4.26) with respect to T and setting that equal to
zero, the first-order condition of maximization is
E(u'(V1)[R(T)- r ( BG(T) + 8) + sG '(T))e-r j ; 0
Differentiating

(~27)

( 4. 27)

implicity (when solution T; T) with respect

to B and evaluating the derivative at ( 8 ;1, {);0 ), taking account of
(4.8) and (4 . 25), the result is
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aT

as

1
'
- - [ E' U" [V (T)][G ( T) - G ( T)] e-rT [ R(T)- rG (T) +
1

D \

G'(T)]e -rT + U'[ V1 (T)][G '( T)- rG ( T) + rGtT)]e-rT) J

(4 . 28)

which can be rewritten as
e-rT

\
[E ( [u"(V 1 (T)][G(T ) - G(T)] [R(T)- rG(T) + G'(T )])

0

+ E ( u'[V 1(T)][G'(T) - rG(T) + rG(T)]).

To ascertain the sign of

ar; as,

( 4.29)

the following lemma is used:

E [ [R(T) + G'(T)- rG(T)] U' '[V 1 (T)J ]
The proof of this is as follows:

>

0 •

(4 .30)

So far the firm's attitudes to

risk has been restricted simply by the assumption of risk aversio~

A

further restriction on the utility function is introduced by means of
the Arrow-Pratt "absolute risk aversion" function:

u' ' ( vl)

(4. 31)

It is assumed here that RA(V 1 ) is a decreasing function of V1.
This assumption of decreasing absolute risk aversion implies that as a
decision maker becomes wealthier (here in terms of discounted net
returns), the risk premi urn for any risky prospect, defined as the
difference between the mathemat i ca 1 expectation of the return from the
prospect and its certainly equivalent. should decrease. or at least not
increase (Sandmo).
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It wi 11 now be shown that decreasing or nonincreasing absolute risk
aversion and G'(T) = G' (T) are necessary and sufficient conditions for
( 4.30 ) to be nonnegative.

Let V 1 (T) be the le ve l of discounted net

returns when R(T) + G'(T) = rG ( T) . This is the level attained when
Then, since RA(V 1) is decreasing

rotation is optimal under certainty.

for [R(T) + G'(T)] -

rG(T) ~

( 4. 32)

0

That is when the marginal gain is at least equal to the marginal
loss.
Substituting from (4.31), we obtain

for [R(T) + G'(T)- rG(T)

~ 0

(4.33)

Now, since marginal utility is positive
-U'[V 1 (T)][R(T) + G'(T) -rG(T)
for [R(T) + G'(T)]-rG(T)

>

~ 0

0 •

(4.34)

Multiplying (4.33) by the left-hand side of (4.34), we obtain
U' '[V 1 (T)] [R(T) + G'(T) - rG(T)]

~

- RA[V 1 (T)] U'[V 1 (T)] [R(T) + G'(T) - rG(T)]
which holds for all [R(T) + G'(T)].

(4.35)

Taking expected values we have
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E U' ' [Vl(T)] [R(T ) + G'(T)- rG (TJJ j ~ - RA(V 1 (T)] E : U'[V l (T)]
[R( T) + G' (T) - rG (T)Jj
( 4. 36)
since RA[V 1 ( T)] is a given number and not a random variable.
By the first-order condition (4.7 ), the right-hand side of (4.36)
i s eq ual to zero.

This implies that the left-hand side of (4.36 ) and

hence the inequality (4. 30) i s nonnegative.
Now,

Thus the lemma is proven.

in (4. 29) since e-rT;o < 0 , the sign of aT/ ae is equivalent to

that of E [ U" [V 1 ( T) ] [G(T) - G( T)] [R(T)- rG(T ) + G'( T)J ] + E

~U'[V,CT)](G ' (T)

-rG(T ) + rG\T )J] .

Consequent l y,

the sign of this is

investigated.
First , from E [ U"[V 1(T)] [G(T)- G(T)] [R(T)- rG(T) + G'( T)Jj. we
obtain under the special

case where G'(T) = G'(T)

- E r, [R(T) + G' (T) - rG(T)] U' '[V 1 (T)]
= -

-1

rG(T
) - rG(T)] ]

r

E [ [R(T) + G' (T) - rG(T)] [(R(T) + G'(T) - rG(T)) - (R(T) +

G'(T)- r G( T)) U"[V 1 (T)]

r

~j

[E [ [R(T) + G'(T) - rG(T ) ]2U"[V 1 (T)] ] -

rG(T) j E

[ [R(T) + G'(T)- rG(T)] U"[V 1 (T)

*

[ R(T) + G'(T)(4.37)

It is clear that the first term of the right hand side of (4,37) is
positive and that the second term is nonnegative by (4.16 ) and (4 .30 ).
We therefore can obtain

E [ U' '[V 1(T)] [G(T) - GC T)] [R(T) -rG(T) + G'(T)J)> 0
Next , t he second term

( 4.38)
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E [ U'[ V1 (T)) [G' ( T) - rG (T) + r G( T)J ]
E [ U' [V 1 ( T) ) [G' ( T) - r G(T ) + rG(T) - R( T) + R( T) )l
E { U'[ V1 ( T)) [(R ( T) + G' (T) - rG(T))- (R(T)- rG(T) ))l
E ( U'[V 1 (T)J[R(T) + G'(T)- rG(T))}- [R(T)- rG(T))
( 4. 39 )

E { U'[ V1 (T)) ) } .

By th e first-order condition,

the fir s t term of the · right-hand side of

( 4. 39) i s zero and by ( 4.16 ) the second term is pas it i ve.
E { U'[V 1 (T)] [G'(T)

Therefore

- rG(T)+rG( T)] }> O.

(4.40)

Substituting (4.38) and (4.40) in (4.29) and considering D < 0 from
(4.8), it follows that aT/a s > 0.

Hence, nonincreasing absolute risk

avers ion and G'(T) = G'(T) are sufficient conditions for
positive.S

ar ; ae

to be

Under these conditions, since aT/ oS > D, the marginal impact

of uncertainty is expected to be identical to the avera 11 impact,

i.e.,

l engthening of rotation period
We now turn to examining an increase in the mathematical
e xpectation of the stumpage value with higher central moments constant.
Let the stumpage value be represented as G(T) + 8, where 8 is again
an additive shift parameter.

Increasing

e with

G(T) > 0, is equivalent

to moving the probability distribution to the right without changing its
shape.

Differentiating (4.27) implicitly with respect to 8 and

evaluating the derivative at T = T,

S = 1 and 8 = 0, we obtain

5 Ishii used a similar type but less constrained proposition in the
conte xt of a competitive firm under price uncertainty.
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ae

D

[ E {U''[V 1 (T)]e-rT [R(T) - rG(T ) + G'(T)]e-rT
( 4. 41)

which can be rewritten as

ae

D

[E {U''[V 1 (T)][R(T) + G'(T) - rG(T)]

+ rE U'[V 1 (T)]

1:

(4.42)
On the right-hand side of (4.42) since D < 0 , e-rT /D < 0.

From

(4 . 26), the first expression within the small brackets is nonnegative
and the second expression is positive.

Hence a T/ae < 0.

Thus, non-

increasing risk aversion is a s ufficient condition for aT/ aS < 0.

Rota-

tion length wi 11 be shortened with the increase in expected stumpage
value if the forest manager i s characterized by nonincreasing risk
aversion.

Entrepreneurs wil 1 have a greater incentive to dispose of the

inventory of trees to take advantage of rising expected price.
Risk of Unpredictable Catastrophe and
Optimal Rotation When a Standing
Forest Has Net Value
In the model used so far, it i s assumed that a forest stand wi 11
continue to grow unti 1 it reaches maturity,
decides to cut it down.

unless the forest operator

The possibi 1 ity of destruction of the stand by

natural causes (e.g., forest fire, storm, flood, disease, insect, and
plagues) has not been considered.
models of optimal

Martell and Routledge de veloped

rotation when the forest is under the risk of

unpreditable catastrophe using discrete models.
problem and solved in continuous time.

Reed formulated the

But none of these studies

considered the forest as providing a flow of value (here recreational
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services ) when standing besides value of timber when cut.

In this

section, a Reed-type model is developed incorporating net values derived
from both the sources.

It is assumed that natural catastrophes occur in

an age-independent homogeneous Poisson process.
considered:
stand,

Two cases are

when catastrophes result in total destruction of the forest

and when destruction through loss agent is only partia 1.

It is

assumed that the objective of the forest operator is to maximize
discounted expected return from the forest.

In effect it is assumed

that the forest operator is risk neutral.

Though not always very

plausible,

in the present discussion risk-neutrality is assumed mainly

to maintain simplicity of the model.
Suppose that catastrophes occur in a stochastic process and
specifically in a Poisson process at rate A where
process"~=

A> 0.

A "stochastic

[ X(t), t i;. T } is a collection of random variables.

for each tin the "index set" T, X(t) is a random variable.

That is,
Here t i s

interpreted as time and X(t) is called the state of the process at time
t.

~is

If the index set T is a continuum,

stochastic process.

Any realization of

r

called a continous time

is called a "sample path."

A continuous-time stochastic process { X(t),
"independent increments" if for a 11
variables X(tl) - X(t 0 ),
independent.

t c T } is said to have

t 0 <t 1 <t 2<••••• <tn,

X(t2) - X(tl),

the random

X(tn) - X(tn-l)

are

It is said to possess "stationary" increments if X(t + s)

- X(t) has the same di stri buti on for a 11 t.

That is, it possesses

independent increments if the changes in the process value over nonoverlapping time intervals are independent; and it possesses stationary
increments if the distributuion of the change in value between any two
points depends only on the distance between those points (Ross).
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A f am il y of rando m v aria b les { X(T),
co ntinu ous va riable t ranging

t E. T} ,

inde x ed

by the

over [o, ®) ,is called a "P ois s on pro-

ces s" hav in g r ate ( or parameter) A, A> 0,

if

1.

X( O) = 0;

2.

the increments X(si + ti) - X(si), over an arbitrary finite set

of dis jo int inter v als ( si, si + ti), are independent random variable s
( i.e.,

the proces s has independent increments);
3.

for each S -.? 0,

bution with
= n

mean At.

= e \ t[ ( \ t) n/ n!,

n

t~

0, X(s + t ) - X(s) has the Poisson distri-

That is, for all s, t :? 0, P{ X(s + t ) - X(s) }
0, 1, ..... (Ross, Chung).

Note that it follows from condition (3) that a Poisson process has
stationary increments and also that E[X(t)] = \ t, which explains why
\ is cal led the rate of the procesL
The as s umption that natural catastrophes occur in a Poisson process
at rate \ ,then implies that catastrophes occur independently of one
another, and randomly in time at an average rate of \ per unit time.
The fact that X(s,

s + t) has the same distribtuion for all s i s

referred to as the "time-homogeneity" of the process.

It is to be

remembered that this is shown under the assumption that the intensity
is constant for all time.

Note that it is assumed that the probability

of catastrophe is independent of the age of the forest stand.

Let c 1

denote the v oluntary regeneration costs incurred after every voluntary
cut of a forest stand and c 2 denote the cost of clearing and replanting
the site after an unforeseen catastrophe.

With this background,

then consider the case when destruction is total.

let us
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Optimal rotation when catastrophic
destruct i on is total
It is assumed here that catastrophic de struction is total and no
part of the stumpage is sa l vageable .
Following Reed,

let X1,

X2 , .... , Xn denote the times

between

successive destructions of the stand, either by catastrophe or by
logging.

If the polic y i s to c ut the sta nd whenever it reaches age T,

the distribution of the random va riable

1,
where Fx(t) = pr [ Xn

<

t].

t <

T

t >

T

Xn

is

(4. 43)

The corresponding density function will be

exponential and is given by
t <

T

t >

T

(4.44)

Furthermore, the random variables Xn• n = 1, 2, ..... are indep e nden t and
so the times of destructio n form a "renewal process" (Ross).6
Suppose that in the event that Xn

<

T, a random proportion, Kt, of

the ne t recreational value is deri v able from a forest stand of age t.
Suppo se the random variable Kt has mean k (t).

The net economic return

for the nth rotation (stumpage plus portion of net value of recreational
services minus replanting costs) a ss ociated with a time Xn between
destructions is
6 X ~' s may be called as interarrival times of catastrophes. lnterarnval times for the Poisson process are i ndependent and identicall y
distributed exponential random vari ables. A counting process for which
the i nterarri v a 1 t imes are independent and i den t i ca 11 y distributed with
arbitrary distribution is called a "renewa 1 process" (Ross).
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T
"Z(T) + G(T ) - c 1 = I R(t)dt + G(T)- c 1 , if Xn = T

( 4.4 5)

0

where Z(T) and G(T) are the net value of recreational services and
stumpage v a 1 ues respective 1 y deri v ab 1 e if the stand survives up to age
T.

R(t) i s the quasi-ren t fun ct ion and is as defined in Chapter II.

Due to the assumption of total des tr uctio~ no G(T) is derivabl e if Xn <
T a nd only a rand om portion of recreational value Z(T), KxZCXn) i s
derivab le in that e v ent.

The process {CXn, Yn)l is a "renewal reward

process."7
Let
N(t)
Y(t)

I

Yn

n=l

(4.46)

Then Y(t) denotes the total reward earned by timet where N(t) is the
number of renewals (destructions) in time period 0 to t.
Now from (4 .43) and (4.44)
(4.47)
after integrating by parts.

From (4.45)

7
Consider a renewal process with interarrival times x1, X ~·- Suppose
that a reward Yn is earned at the time of the n th renewal. Yn may (and
usually will) depend on Xn (the len gth of the renewal interval, bu t it
is assumed that the pairs (Xn, Yn), n = 1,2, ••• are independent and
i dent i ca 11 y distributed ( Ross ).
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T

E( Y) =I [KtZ(t) - cz ] e
0

--'

tdt + [Z( T) + G( T) - c1 ]e-AT

AT T
[Z(T) + G(T) - c 1 ]e- +I [k( t )Z(t)- cz]
0

A
e- tdt
(4. 48 )

If the forest stand is cut only when it reaches age T, for the
Faustmann-type man y-cycle situation the expected discounted net return W
is

W= E[ < e-r( Xl + Xz + ..... +Xn)Yn]

(4.49 )

n= l

where Xn and Yn are as defined previously and r > 0 is the discount
rate.
Since the random variables X; (i

1,2, ••••• ) are independent,

(4.49) can be written as

W= ; E(e-r(X1 + X2 + .•... + Xn-1)) • E(e-rXn Yn)
n=l
oo

n-1

< n

E(e-r X; ) E(e-r XnYn)

n=l i =l
(4.50)

Again
00

E(e-rX) =I e-rtd Fx(t)
0

T
1e-rt Ae- Atdt + e-rTe- AT
0

( A+ re-P +r)T)/ (A + r)

(4. 51)

79

and

T

; 1 e-rX[k(X)
0

Z(X) - c2 p. e-rXdX
(4 .52 )

Therefore from (4.49), (4.50), (4 .51 ), and (4,52), we obtain
E(e-rXY)
w; _
__
1-E (e-rX)
T
I0

(k(X)Z(X) - c2] Ae-( A+r) XdX + (Z(T) + G(T) - c1] e-rTe-AT
H re -( A+r)T

1-----A+r

T
~ (T)- ~ c2Ae-( A+r) Xdx + [Z(T) + G(T) - c ] e-( A+r)T

1

Hr

(A+r ) ( ~ (T) - Ac2(1-e-( A+r)T)/( , +r) +
[Z(T ) + G(T)- c 1 ]e-( ' +r)T)~[1-e-( , +r)T
(A+r) (~ (T) + (Z(T) + G(T) - c1 ] e-( A+r)T) Ac2
r
1 _ e -( A+r)T
r
where ~ (T) ;

T

1A
k(X)
0

Z(X)e-<A +r) XdX.

(4.53)
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The opt i ma l

ro ta t ion period c a n be obtai ne d by sett i ng

deri v ati v e of W i n (4. 53) with r e s pect to T equ a l t o ze r o.

th e

That i s

dW = (A+ r ) [ '~ ' (T) - ( , +r )[Z( T) + G(T) - c 1 )e -(A+r )T + [ Z' ( T) +
dT

r

1-e-(A+r )T

G' ( T) ) e-( \ +r

lT)

- ( ~ ( T ) + [ Z( T) + G( T)

(4. 54 )
Equ at i on (4 .54) i mp lie s that
G' ( T ) + Z ' ( T ) + ~ ' ( T) e 0 + r ) T

+[Z(T) + G(T) - c 1

Jl
J

( H r ) [ ~(T ) + Z(T ) + G(T ) - c 1 )
(1-e-( \+r )T)

(4.55 )

To enable comparison with deterministi c results and to provide
"marginal" interpretation of ( 4.55) we recall the Fau s tmann rule
which,

in the presence of regeneration costs, is given by the solution

to

G' (T)

r[G(T)- c 1 )
1-e-rT

(4. 56 )

Equation ( 4.56 ) can be ree xpressed as
G' ( T) = r[ G(T)- c 1 ) + r[ G(T ) - c 1 )/1-e-rT

( 4. 57 )
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The generalized Faustmann rule (2.28) derived in Chapter II can be
expressed as
r[G (T) + Z(T)e-rT- c 1 ]

Z'(T) + G'(T)

l-e-rT

(4.58)

T
where from (4.45), Z'(T); R(T), since Z(T) ;

1

R(x)dx.

Again, (4.58)

0

and (4.55 ) can be expressed in comparable forms as
Z(T)e-rT - c 1

J

r [ 1-e-rT + G(T) (1-e-rT)

-

G' (T)

1

G(T)

Z' (T)
(4.59)

G(T)

and
G'(T)
(>. +r)

G(T)
J z'(T) +

L

1
(

[ 1-e- A+t

~

)T +

(T) + Z(T) -c 1

J

G(T) ( 1-e -(A+r )T)

~ (T)e(A+r)T ]

( 4. 60)

G(T)

respectively.
Equation (4.55) is much 1 ike the generalized Faustmann rule (4.58)
with the discount rater replaced by r+ Aand stumpage plus discounted
ne t recreation a 1 v a 1 ue rep 1 aced by Z(T) + G(T) + ~ (T).

Rep 1 acement of r

by r+ >. implies that the effect on the rotation period of a risk of
destruction by catastrophes is the same as that of an increase in the
discount rate by an amount equal
catastrophes occur ().).

to the average rate

at which

The presence of risk effectively adds a premium

to the risk-free time-preference rate.
re crea tion value, i.e., when

~ (T);

Thus

in the

absence of

Z(T); 0, the result corresponds to
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Reed's formula t ion G'(T) = (A +r ) [G(T)- c 1 ] / 1-c-(H r )T.

The effect of

the addition of a risk-premium is to shorten the rotation period and is
shorter than that implied by Fau stmann

rule (4 . 58) where

>, =

0.

Rep 1 acement of Z(T) by Z(T)e-rT + ~ (T) has the effect on the net
recreational value [Z(T)] curve in a way that depends on >. . If in
(4.60), [( >,+r) • (T)/1 -e- (A+r)T] i s greater than ~ '(T)e-(A+r) T, then a
review of our earlier discussion in Chapter II suggests that the
rotation period will be f urther shortened.

It will be shorter than the

generalized Faustmann certainty rotation period suggested by ( 4.58) or
by (4.59) and also s horter t han Reed's formulation.

~(T) / 1- e-<>· +r)TJ

=

[ (t.+r) l>.k(X)

Now,

[ ( H r) •

Z(X)e -( A+ r)X dX/1 - e-(A+r)TJ is the

0

interest per period on capitalized value of expected recreat ional
benefits over infinite cycles given that the catastrophe occurs at an
average rate \

an d

~·(T)e P +r)T • \ k(T) • Z(T),

is the expected

recreational va lue at an instant T if the average rate of occurance of
catastrophe is >, .

It is not i ntuitively clear which va lue i s higher.

The rotation period depends on the average rate of occurrence of
catastrophe >, .

This can b e s hown in the following way.

If the forme r

expression is greater than the lat ter expression, then dividing the
former by the latter must give a result greater than unity.

If the

former is divided by the 1 atter, then

T
( >,+ r )

I

k(X) Z(X)e-( A+ r )XdX/k(T) Z(T) [1-e-( A+r )TJ

0

T
T
={>, l .i((X) Z(X)e- < A+r)X dx + r I k (X) Z(X)e-< A+r) XdX
0

I >.k(T) Z(T) l

0

[ ~(T)/ ~ '(T) + r

T
I
0

k(X) Z(X)e-( A+r)XdX/
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Since

~ (T)/

~' ( T) >

1, the expression within the brackets i s definitely

greate r than one.

Again 1-e-(A +r)T

<

1.

Hence, whether the whole

exp res s ion i s greater, equa 1 to, or 1 ess than unity wi 11 depend on the
va 1 ue of A.

As

A~

o, the rot at ion period tends to coincide with the

genera li zed Faustmann rotation period suggested by (4.59).

With higher

va lues of A the above expression tends to be greater than unity and the
rotation length tends to be

shorte~

This implies that an increase in

average rate of occurrence of catastrophe wil 1 lead to a shortening of
the length of rotation.

Thus

A> 0, shortens the rot at ion 1 ength in

two ways: one through its impact as a risk-premium and the other through
its impact on the net recreational value Z(T).
Fall owing Reed, a marginal interpretation of (4.55) can be obtained
as fo 1 1 ows:

Uti 1 i zing the form of (4. 57) and using (4. 53), (4. 55) can

written as
G'(T) + Z'(T) + ~ '(T )e(A+r) T = ( A+r)[G(T ) + Z(T)- c 1 ]
(4.61)
For a smal l time interval of infinitesimal duration h, (4,61) can
be reexpressed as
G'(T) h (1-Ah) + Z'(T) h(l- Ah) + ([k(T) Z(T)- c 2 ]- [G(T) + Z(T)
- c 1 ]) Ah = r[G(T) + Z(T) - c 1 ] + rhW + o(h)8 •

(4.62)

Over the time interval h, the probabi 1 ity of a stand of age T being
destroyed by a catastrophe is Ah.

A1 so, G'(T)h and Z'(T)h are the

8 Suppose an event occurs at the average rate per unit time. Then
probabi 1 ity of an event in a sma 11 time interva 1 h is given by Ah +
o(h) , where the "little o" term represents an error term which is of
sma 11 er order of magnitude than h, or rough 1 y, "very sma 11" (Ch ung).

84
growth in stumpage value and recreational value of the stand concit ional
on it not being destroyed by catastrophe (i .e., with the probabi 1 ity
1-Ah).

The last term on the left-hand side of (4.62 ) i s the expected

net return ( i.e., net of clearing and replanting costs) that would be
salvaged if a catastrophe occurs during the short time interval.
from the conditional

expectation,

Thu~

the left-hand side of (4.62)

represents the expected marginal increase in the net return from the
stand given that the forest sta nd is not cut.

On the right-hand side,

the first term represents the interest that could be earned over the
time period of length h on the net return realizable from cutting the
stand at age T.

The second term represents the interest that could be

earned on the net return that would be realized from selling the cleared
site.

Thus,

the right-hand side of (4.62) represents the sum of

interest earned on the realized stumpage and recreational values and on
the potentia 1 site v a 1 ue, given that the stand is cut at age T.

Hence,

the condition (4.62) is the rule to cut the forest stand at the age T at
which the expected marginal increment of the net return of the stand
that would be realized through not cutting equals the marginal return
that could be earned through cutting.
It is to be noted that (4.55),

which determines the optimal

rotation, does not contain the costs of clearing and replanting cz after
a catastrophL

Basically this is because, in the model developed, one

ca nnot control (through the rotation time, T) the probabi 1 ity of a
catastrophe occuring.

The probabi 1 i ty of such catastrophes in an

infinitesimal time interval (t, t+h) is constant at 1-h and independent
of the age of the stand (Reed).
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Optimal rotation when catastrophic
de st ru ction is partial
Supp ose that after the occurrence of a natural catastrophe , in a
stand of age t,
sa 1 v ageab 1 e.

a random proportion, Kt, of the stumpage va lue is

Suppose (for simp 1 i city) a 1 so that in that event the same

random proportion, Kt• of the net recreational value is derivable from
that forest stand.

Then the net economic return for the nth rotation

associated with a time Xn

between destructions is
if Xn

Z(T)

+ G(T) - cl

<

if Xn =

T

T.

(4 . 63)

Now
E(e-rXy) = E [E(e-rXy X))
X.

T
= I e -rX(k(X)Z(X) + k(X) G(X) - c ) ;>,e-;>,XdX +

2

0

[Z ( T) +G(T)- c ]e-~+r)T •

2

Thus using (4.50), (4.51),

(4. 64)

and (4.64) the expected present value of net

returns is

W= [

~e-rX(k(X)Z(X)

+ k(X)G(X) - c 2 ) ;>,e- ;>,X dX +

>,

which after some manipulations gives

+

r

(4.65)
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[~ (T) + ~( T) + Z(T) + G(T)- c 1 ]e-(A+r)T l_ ,c 2

W = (>- + r )
r

~ (T)

where

j

1-e- (>- +r T
= , } k(X)Z(X) e-( A+ r)T dX

and '!'( T) =

0

r

(4 .66 )

T >.k(X)G( X) e-( A+r)T dX.
0

Setting the derivat ive of (4.66) with respect toT equal to zero gives
Z'(T) + G' (T) + ~'(T)e(A+r)T + o/(T)e(A+r) T
(A+r )[Z( T) + G(T) +

~T)

+

~T)

- c1]

(4.67)

1-e-(A+r)T
Equation

(4.67) is much

replaced by G(T) +

~ (T).

risk has the effect

like (4.55) with the stumpage va lue G(T)
In this case,

the presence of the catastrophic

of not only changing the effective discount rate

and the effective net recreational value

curv~

but also of changing the

effective stumpage value curve Gin a way that depends on A•
If

~'(T)e( A+r)T < (A+r) 4 (T)/1-e-( ' +r)T and '!''(T)e(' +r)T < ( Hr)

'!'(T)/1-e-( A+r)T,

then the rotation length implied by (4.67) wil 1 be

shorter than that implied by (4.55).
inequalities is not clear,

Since the direction of the

the outcomes of the comparison are not

obvious and as shown previously it wi 11 depend on the value of A.
Again, the rotation period will be shor:ter than the simple Faustmann
solution rotation period i f A> 0 is high.

It is due to the impact of

). > 0 as a risk-premium and its impact on Z(T) and G(T).
The "marginal" interpretation of (4.67) can be obtained as before.
Using (4.66), (4.67) can be written as
Z'(T) + G'(T) + 4 '(T)e( A+r)T + 'I''( T)e( A+r)T = (A+r) [Z(T ) + G(T)

(4 .68 )
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For a small time interval of infinitesimal duration h, it follows
that
G'(T)h(l-Ah) + Z'(T)h(l-Ah) + ([k(T) Z(T) + k(T) G(T) - cz]
- [G(T) + Z(T)- c 1 ])>-h = r[G(T) + Z(T)- c 1 ) + rhW + o(h) (4.69)
since ~ '(T)

= k(T) Z(T) >.e-CA+r)T and ~ '(T) = k(T) G(T)~.e-(Hr)T.

As before, the 1 eft hand s ide of ( 4.69) represents the increase in
expected va lue of the stand given that it is not cut.

The right-hand

side represents the sum of interest earned on the realized stumpage plus
recreatinal val ues and on the potential site va lue, given that the stand
is cut at age T.
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CHAPTER V
SUMMARY , CONC LUSIONS AND SCOPE FOR FURTHER RESEARCH
Summary and Conclusions
Exist i ng 1 ite ra tu re de a 1 in g with t he pro b 1 em of de termini n g the
optimal rotation period for a forest stand under conditions of certainty
as well as uncertainty lack s the general utility it needs.
particularly so in the context of the multiple-use forestry.
provides timber of commercial value.
valuable environmental serviceL

A forest

But it also provides a flow of

Decisions of when to harvest can not

ignore this fact without imposing a temporal social cost.
Strang,

This is

Hartman,

and Berek addressed this situation by introducing

consumptive value of standing forest in their models.

the

Yet they ignored

the costs involved in pro v iding and making these consumpti v e values
accessible to potential userL
Chapter I I of the present work bridges this gap by incorporating
into the model various fixed and variable costs and subjecting the
objective functions to be ma xi mized in terms of discounted net values in
an environment of certainty.
general in nature.

The results obtained are, thus, more

It is shown that the optimal rotation period is

likely to be finite and depending on the values of benefits and costs
the rotation period indicated by the solution of this model may be
identical to shorter or longer than that indicated by the Hartman-Strang
solution.
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Chapter III replicates the Hat"tr;; an - Stran g r esu lt (a generalized
Faustmann rule when recreational value is added to the model) subjecting
the anal ys i s to optimal control (maximum principle), a modern powerful
research tool.

The anal ys is utilizes the steady-state properties of the

model developed.
The attempted generalizations in Chapter II and III are confined to
a deterministic en v ironment.

The real world confronted by a forest

resource operator is a world with uncertainties of various kinds.
Chapter IV analyzes the impact of two sources of uncertainties on the
optimal rotation decision in the context of the more generalized model
de ve loped in Chapter II.

They are uncertainty related to future

stumpage price and uncertainty related to future stock of biomass
emanating from the risk of unpredictable natural catastrophes.
first situation,

For the

the optimal rotation period will be longer than that

under conditions of certainty if the forest operator is risk averse.

It

is also shown that the period will be lengthened with increasing risk
and shortened with increasing expected stumpage price under
nonincreasing absolute risk aversion of the forest

operate~

For the

second situation, it is shown that risk of catastrophic destruction of
biomass whether total or partial will

lead to a rotation pet·iod

dependent on the value of the average rate of occurrence of
catastrophes.

However, the conclusion that the rotation period will be

shorter than that suggested by the simple Faustmann rule, is shown to
hold unambiguously.
Scope for Further Research
The present study is basically a theoretical one intended to
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explore certain anal yt ical result s ha v ing greater genera lit y.
result s need to be empiri cally te ste d,

These

not only to verify the

theoretical results but also to extend the theories leading toward s more
definitive conc lusions.
The optimal control formulation of Chapter Ill regards recreational
benefits as a positive stock externality assumed to be ignored by a
pri vate forest manager .

But the current trend towards creating and

providing recreational facilities by pri vate forest operators needs to
be captured in such a dynamic model where production of recreational
serv ices is an activity having both benefits and costs associated with
it.
The whole problem of uncertainty needs to be treated in a more
general and preferably in a dynamic framework incorporating all major
sources of

uncertaint~

Even within a partial-equilibrium framework impact of uncertainty
related to demand for recreational services and prices of inputs and the
impact of risk of age dependent natural catastrophes in presence of net
recreational values need further investigation.
furthermor~

The 1 atter,

needs to incorporate the mbre plausible assumption of risk

aversion as a behavior towards risk (as opposed to risk neutrality
assumed in the present analysis).

91

LITERATURE CITED
Anderson, F. J. "Control Theory and the Optimum Timber Rotation."
Forest Science. 22(1976):242-48.

Bently, W., and D. Teeguarden. "Financial Maturity: A Theoretical
Review." Forest Science 11 ( l 96 5 ): 7 6-87.
Berc k, P. "Optimal Management ofRenewab l e Resources with Growing Demand
and Stock Externalities." Journal of Environmental Economics and
Management 8( 1981): 1 0 5 - 1 7 . - - - - - - - - - - - - - - - - - - Buck, R. C.
Burt, O.R.

Advanced Calculus.

New York: McGraw-Hill, 1978.

"Optimal Replacement Under Risk."

Journal of Farm Economics

47(1965):324-46.
Chang, S. J. "Determination of the Optimal Growing Stock and Cutting
Cycle for an Uneven-Aged Stand." Forest Science 27( 1981 ): 739-44.
------, S. J. "Rotation Age, Management Intensity, and the Economic
Factors of Timber Production: Do Changes in Stumpage Price,
Interest Rate, Regeneration Cost, and Forest Taxation Matter?"
Forest Science 29(1983):267-77.
Chung, K. L. !.l~~ta~robabil ity Theory with Stochastic Processes.
New York: Springer-Verlag, 1979.
Mathe~ti~~~!!£mi.£2_.

Clark, C.

New York: John Wiley and Sons,

1976.
Faustmann, M. "On the Determination of the Value Which Forest Land and
Immature Stands Posses for Forestry," in M. Gare (ed.), Oxford
l!:!.?.1.:!..!:~.!:Lf2.£!1!• Oxford University, Commonwealth Forestry
Institute, Oxford, 1968.
Gaffney, M. "Concept of Financial Maturity of Timber and Other Assets."
Department of Agricultural Economics Paper, 62, North Carolina
State Co 11 ege, 1960.
Glaister, H.
Mathematical Models for Economists.
Blackwell, 1978.--------------Gregory,

G.

1972.

R.

Forest Resource Economics.

New York:

Oxford:

Basil

Ronald Press Co.,

92
Hardie, I. W., J . N. Daberkow, and K. E. McConnell.
"A Timber
Har v es ti ng Mode 1 with Vari ab 1e Rotation Lengths." Forest Science

30(1984 ) :511-23.
Hartman, R. "The Harvesting Decision When a Standing Fore s t Has Value."
Economic Inquiry 4(198 3):52-58.
Heap s , T. "The Qualitative Theory of Optimal Rotations."
Journal of Economics 14(1981):686-99.

Canadian

----

Heaps, T., and P. A. Neher. "The Economics of Forestry When the Rate of
Harvest is Constrainted." Journa 1 of Environmenta 1 Economics and
Management 6(1979):297-319-.-----------------Henderson, J. M, and R. E. Quandt. Microeconomic Theory: A Mathematical
Approach. New York: McGraw-Hi 11, 1980.
Hirshl eifer, J. Investment, Interest and Capital.
Hall, 1970.
Howe, C. W.

Natural Resource EconomicL

New Jersey: Prentice-

New York: John Wiley and

Son~

1979.
Hyde, W. F., Timber Supp~nd Allocation, and Economic Efficiency.
Baltimore, Maryland: Johns Hopkins University Press, 1980.
Ishii, Y. "On the Theory of Competitive Firm Under Price Uncertainty:
Note." American Economic Review 67(1977):768-69.
Jorgenson, D. W., J. J. McCall, and R. Radner.
Po 1icy. Chicago: Rand McNally and Co., 1967.

Opti~~placem~l

Lewis, T. R.
"Optimal Resource Management Under Conditions of
Uncertainty: The Case of an Ocean Fishery." Ph.D. dissertation,
University of Californi~ San Diego, 197~
Martell, D. L. "The Optimal Rotation of a Flammable Forest Stand."
Ca na dian Journa 1 of Forestry Research 10( 1980): 30-34.
McConnell, K. E., J. N. Daberkow, and I.W. Hardie. "Planning Timber
Production with Evolving Prices and Costs." Land Economics

59(1983):292-99.
Nautiyal, J. C. "Towards a Method of Uneven-Aged Forest Management
Based on the Theory of Financial Maturity."
Forest Science

9(1983):47-58.

-----

Nautiyal, J. C., and K. S. Fowler.
"Optimum Forest Rotation in an
Imperfect Stumpage Market," Land Economics 56(1980):213-226.
Norstrom, C. J. "A Stochastic Model for the Growth Period Decision in
Forestry." Swedish Journal of Economics 77(1975):329-37.

93
Perr i n , R. K. " Asset Rep l ace me nt Prin cip le s ."
~ ri cu 1 tura 1 Economics 54( 1972): 60-67 .

~~ rican Jo ~.J.._£f

Pontry a g i n , L. S., R. V. Bottyansh i i, R. V. Gamb re ldzi , a nd E.F.
Mi shenken. The Mathemat i ca 1 Theory of Optimal Process. Oxford:
Pergamo n Press, 1964.
Pratt, J . W. "Risk Aversion i n the
Econometrica 32(1964):122-36.

Small

and

in the

Large."

Reed, W. J. "The Effect s of the Ri sk of Fire on the Optimal Rotation of
a Forest." Jour ~_l_.£i_1.!:1_;:_ iron~ nt ~.l.-1.££.!:1.£ mi ~2. nd _l!~!.!!!~l

11(1984):180-190.

Ross, S. M. Stoch astic Process.

New York: John Wi ley and So ns, 1983 .

Ro ut ledge , R. D. "The Effect o f Potential Catastrophic Mortality and
Ot her Unpredictable Eve nt s on Optima l Forest Rotation Pol icy. "
Forest Sc ience 26(1980) : 389-99 .
Samu el son, P.
~

"Economics of Forestr y in an Evolving Soc ie ty."

Economic

14(1976):466-92.

Sa ndmo, A. "On the Theory of Comparative Firm Under Price Uncertainty."
American Economic Review 61(1971):65-73 .
Stran g , W.
~

"On the Optimal Forest Harvesting Decisions."

I~!!!.!.£

4( 1983):576-83.

U. S.D.A., Forest Servi c e. "An Analysis of the Timbe r Situation in the
Un ited States, 1952-2030." Forest Resource Report No. 23, December

1982 .
Wa lter, G. R. "F inanc ial Maturity of Forests and the Sustainab l e Yield
Concept. " Economic Inqu iry 18(1980):327-32 .

94

VITA
Rabindra Nath Bhattacharyya
Candidate for the Degree of
Doctor of Philosophy
Dissertation:

Optimal Forest Rotation: Decisions Under Conditions of
Certainty and Uncertainty.

Major Field:

Economics

Biographical Information:
Personal Data: Born at Faridpur, Bengal, India, November 15,
1941; son of late Satish Chandra and Charulata Bhattachary~
married Si kha, March 8, 1967; one daughter, Nil anjana and
one son, Ayan.
Eduation: Passed school final examination from Hindu School,
Calcutta in 1956; Passed the Intermediate Science (I. Sc.)
Ex ami nation from St. Paul's Col lege, Calcutta University in
1958; obtained the B.~ degree with honors in Economics from
City College, Calcutta University in 1960; obtained the M.A,
degree in Economics from Jadavpur University, Calcutta in
1962; completed the requirements for Certificate of
" S tatistical Methods & Applications" at the Indian
Statistical Institute, Calcutta, in 1976.
Professional Experience:
1962-82, Lecturer in Economics at
A.K.P.C. Cell ege, Vidyanagar College and D. Andrews Cell ege,
Calcutta, India: 1979-82, Teacher Fellow, University Grant
Commission, India; 1978-79, Part-time Research Assistant,
Applied Economics Unit, Jadavpur University, Calcutta; 198285, Research Assistant at Utah State University, Utah,
U.S.A.

